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ABSTRACT 

The theo ry  of o p e r a t i o n  o f  e l e c t r o s t a t i c  probes i n  a s l i g h t l y  i o n i z e d ,  

col l is ion-dominated g a s ,  such as t h e  D-region of t h e  ionosphere,  i s  poor ly  

understood. 

h igh ly  nega t ive  s p h e r i c a l  probe i n  such a plasma f o r  r a t i o s  of probe 

r ad ius  t o  Debye l eng th  of  t h e  o r d e r  o f  u n i t y .  

This  r e p o r t  s t u d i e s  t h e  c o l l e c t i o n  of  p o s i t i v e  ions by a 

The theory i s  reviewed and t h e  governing equa t ions  a r e  developed. 

Due t o  t h e  n o n l i n e a r i t y  o f  t h e  equat ions,  a numerical  method was neces- 

s a r y  t o  s o l v e  t h e  equat ions e x a c t l y .  This method i s  explained i n  d e t a i l .  

The r e s u l t s  a r e  compared t o  those of Su and Lam (1963) and t o  t h e  r e s u l t s  

of  a zero space-charge theo ry .  

not  be neg lec t ed .  

I t  i s  concluded t h a t  space charge may 
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1. RELEVANT PROPERTIES OF THE LOWER IONOSPHERE 

1.1 Q u a l i t a t i v e  Desc r ip t ion  of t h e  Lower Ionosphere 

The ionosphere i s  a weakly ionized gas which completely envelopes 

t h e  e a r t h .  I t  extends from 50 km i n  a l t i t u d e  t o  perhaps 1000 km and i s  

permeated by t h e  e a r t h ' s  magnetic f i e l d .  The lower ionosphere,  as 

des igna ted  by Whitten and Poppoff (1965), i s  t h e  a l t i t u d e  r eg ion  between 

50 and 150 km. The p r i n c i p a l  source o f  i o n i z i n g  e l ec t romagne t i c  r a d i a -  

t i o n  i s  t h e  sun b u t  g a l a c t i c  cosmic rays a r e  a l s o  impor t an t .  

c r e a s i n g  a l t i t u d e  t h e  degree o f  i o n i z a t i o n  tends t o  i n c r e a s e ,  wh i l e  t h e  

a b s o l u t e  concen t r a t ion  of charged p a r t i c l e s  e x h i b i t s  a layered s t r u c t u r e  

a s s o c i a t e d  with d i f f e r e n t  pho to ion iza t ion  and recombination p r o c e s s e s .  

That such l a y e r s  a r e  l i k e l y  t o  form i n  t h e  ionosphere can b e  seen  from 

elementary c o n s i d e r a t i o n s  and i s  discussed c l e a r l y  by Belrose (1965).  

This  s t r u c t u r e  provides  a convenient,  b u t  by no means unique method o f  

c l a s s i f y i n g  t h e  va r ious  a l t i t u d e  regions.  According t o  t h e  p h y s i c a l  

p rocesses  under s tudy  o t h e r  c l a s s i f i c a t i o n  schemes may be chosen, such 

as  t h o s e  based on n e u t r a l  gas temperature p r o f i l e s ,  chemical composition, 

o r  i o n i z a t i o n  dynamics. 

With i n -  

Ground-based r a d i o  techniques provide a convenient method o f  s tudy ing  

t h e  i o n i z a t i o n  above 85 km i n  a l t i t u d e .  A wel l -de f ined  l a y e r  of i o n i z a -  

t i o n  is  formed during normal daytime cond i t ions  i n  t h e  a l t i t u d e  r eg ion  

between 90 and 150 km and i s  known as t h e  E-region. The F-region extends 

upward from t h e  t o p  of t h e  E-region. 

garding t h e  upper l i m i t  o f  t h e  F-region. 

ionosphere r evea led  d i r e c t l y  t h e  ex i s t ence  o f  t h e  E -  and F-regions b u t  

t hey  a l s o  gave i n d i r e c t  evidence f o r  an i o n i z e d  l a y e r  below YO km i n  

No convention has been adopted r e -  

The e a r l i e s t  s t u d i e s  o f  t h e  
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a l t i t u d e  (Appleton and R a t c l i f f e ,  1930).  This  a l t i t u d e  regime has come 

t o  be c a l l e d  the D-region. 

even lower l aye r  ( t h e  C-region) has been ob ta ined  from t h e  s tudy  of low 

frequency radio wave propagat ion (Krasnushkin and Kolesnikov, 1962).  

1 . 2  Descr ipt ion o f  t h e  D- and E-Regions i n  Terms o f  Plasma Parameters 

Some evidence f o r  t h e  e x i s t e n c e  of ano the r  

A very small f r a c t i o n  o f  t h e  gas molecules i n  t h e  D-region are 

i o n i z e d .  Measurements o f  t h e  concen t r a t ions  o f  t h e  charged p a r t i c l e s  

t h e r e  a r e  d i f f i c u l t  and d a t a  i s  t h e r e f o r e  s c a r c e .  P r o f i l e s  o f  D-region 

e l e c t r o n  d e n s i t i e s  may be ob ta ined  by ground-based ( p a r t i a l  r e f l e c t i o n )  

experiments;  see e . g .  (Belrose and Burke, 1964).  Figure 1.1 shows t h e  

number d e n s i t i e s  of p o s i t i v e  i o n s ,  nega t ive  i o n s ,  and e l e c t r o n s  p l o t t e d  

versus  a l t i t u d e  a s  obtained by Sagalyn and Smiddy (1964) i n  a daytime 

rocke t  experiment. These number d e n s i t i e s  o f  10 o r  l o 4  cm-3 may be 

compared wi th  the n e u t r a l  gas number d e n s i t y  p r o f i l e  shown i n  Figure 1 . 2  

which i s  due t o  Champion and Minzer (1963). 

3 

A t  n i g h t  the e l e c t r o n s  recombine by attachment t o  n e u t r a l  molecules ,  

forming negat ive i o n s .  I n  v i s i b l e  l i g h t  t h e s e  nega t ive  ions a r e  u n s t a b l e  

(Be l rose ,  1965).  Est imates  o f  t h e  r a t i o ,  A ,  o f  n e g a t i v e  ion  concen t r a t ion  

3 t o  t h e  e l e c t r o n  concen t r a t ion  range from 7.5 a t  60 km t o  10 a t  90 km 

i n  t h e  daytime (Nicolet  and Aikin,  1960).  Nighttime measurements by 

Sagalyn (1965) show t h a t  A i s  g r e a t e r  than u n i t y  t o  a l t i t u d e s  above 90 km, 

and t h i s  r a t i o  should i n c r e a s e  approximately exponen t i a l ly  with dec reas -  

ing a l t i t u d e  s i n c e  t h e  e l e c t r o n - n e u t r a l  c o l l i s i o n  frequency is  propor- 

t i o n a l  t o  t h e  n e u t r a l  gas number d e n s i t y .  

The e l e c t r o n  temperature  i n  t h e  D-region i s  v i r t u a l l y  i d e n t i c a l  t o  

t h e  n e u t r a l  gas temperature  (Salah and Bowhill ,  1966) and t h e  same i s  

gene ra l ly  regarded as  t r u e  f o r  t h e  p o s i t i v e  and n e g a t i v e  i o n s  s i n c e  they  
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Figure 1 . 2  Neutral gas number d e n s i t y  and temperature  ve r sus  a l t i t u d e  
( a f t e r  Champion and Minzer, 1963). 
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a r e  i n  even b e t t e r  thermal con tac t  with t h e  n e u t r a l s  t h a n  t h e  e l e c t r o n s .  

The temperature  p r o f i l e  shown i n  Figure 1 . 2  and t h e  p o s i t i v e  ion  d e n s i t i e s  

shown i n  Figure 1.1 l ead  t o  a Debye l eng th  f o r  p o s i t i v e  i o n s  which v a r i e s  

roughly between 0 . 4  cm and 4.0 cm i n  t h e  D-region. 

A D ,  o f  a charged p a r t i c l e  s p e c i e s  i s  given approximately by 

The Debye l e n g t h ,  

(1 * 1) A D  = 6.91 (T/N ) 1 / 2  
0 

where T i s  t h e  temperature o f  t h e  spec ie s  i n  degrees  Kelvin,  and No i s  

t h e  number d e n s i t y  of t h e  same species  i n  ~ m - ~ .  

S ince  such a small f r a c t i o n  of t h e  gas molecules i n  t h e  D-region i s  

i o n i z e d ,  c o l l i s i o n s  o f  charged p a r t i c l e s  with n e u t r a l  molecules a r e  much 

more f r equen t  t han  c o l l i s i o n s  w i t h  o the r  charged p a r t i c l e s .  

r a t i o n ,  t h e  mean f r e e  pa th  f o r  e l ec t ron - ion  c o l l i s i o n s ,  R e - i ,  l i e s  

between 10 cm and 10 cm, computed from t h e  r e l a t i o n  from Boyd (1966): 

In  i l l u s t -  

5 7 

5 2  1 . 6  x 10 Te 
- - 

e - i  n [0 .8  + I n  (Te/ne)] 3 R 

e 

+ 
The ion -neu t r a l  mean f r e e  p a t h ,  R ,  assuming N i o n s  i n  N 2  gas ,  2 

c r o s s - s e c t i o n  d a t a  from McDaniel (1964), and t h e  n e u t r a l  gas d e n s i t y  

p r o f i l e  o f  Figure 1 . 2 ,  i s  s u b j e c t  t o :  

IO-* c m  < R < 1.0 cm 

, given approxi- ‘nn i n  t h e  D-region. The n e u t r a l - n e u t r a l  mean f r e e  p a t h ,  

mately by 

(1.3)  
1 4  

= 4 x 10 /nn cm ‘nn 
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- 3  where n i s  t h e  n e u t r a l  gas number d e n s i t y  i n  c m  ranges between n 

4 x cm and 4 . 0  cm, from t h e  d a t a  of Figure 1 , 2 .  

Yeasurements of c h a r g e d - p a r t i c l e  parameters i n  t h e  E-region a r e  

much e a s i e r  than i n  t h e  D-region, E lec t ron  d e n s i t y  versus  a l t i t u d e  

p r o f i l e s  can be obtained with a good accuracy by a v a r i e t y  o f  t echn iques .  

An e l e c t r o n  dens i ty  p r o f i l e  determined from an ionosonde r eco rd  by 

Bowhill and Schmerling (1961) i s  shown i n  Figure 1 . 3 .  Other experimental  

i n v e s t i g a t i o n s  (Sagalyn and Smiddy, 1964) have shown t h a t ,  a t  l e a s t  i n  

t h e  daytime, t he re  a r e  no nega t ive  ions a t  a l t i t u d e s  as high as t h e  E- 

r eg ion .  Thus, charge n e u t r a l i t y  r e q u i r e s  t h e  p o s i t i v e  i o n  d e n s i t y  t o  

be t h e  same as the e l e c t r o n  d e n s i t y ,  This cond i t ion  is apparent i n  

Figure 1.1. 

The E-region e l e c t r o n  temperature  g e n e r a l l y  exceeds t h e  n e u t r a l  gas 

temperature .  Spencer -- e t  a1 (1965) and Smith -- e t  a l .  (1965) have r e p o r t e d  

E-region e l e c t r o n  temperature  measurements by rocket-borne Langmuir 

p robes .  The i r  r e s u l t s  show t h a t  t h e  d i f f e r e n c e  between t h e  e l e c t r o n  

temperature  and t h e  n e u t r a l  gas temperature can be as  much as tw ice  t h e  

n e u t r a l  gas temperature ,  according t o  t h e  phase o f  t h e  sunspot cyc le ,  

s eason ,  t ime of day, and o t h e r  f a c t o r s .  
I 

E-region values o f  t h e  e l e c t r o n - i o n  mean f r e e  p a t h ,  given by 

5 Equation(1.21, range between 4 x l o 4  cm and 5 x 10 cm 

mean f r e e  pa th  from Equation (1  <3) v a r i e s  between 40 cm and 8 x 10 

wh i l e  t h e  p o s i t i v e  ion  Debye l eng th  is approximately O P 3  cm throughout 

t h e  E-region.  

The n e u t r a l - n e u t r a l  

3 
cm, 

The values  o f  c h a r g e d - p a r t i c l e  parameters j u s t  c i t e d  a r e  t h e  p e r -  

t i n e n t  l eng ths  f o r  a t heo ry  of e l e c t r o s t a t i c  probes i n  t h e  lower iono- 

sphe re  which neg lec t s  t h e  e a r t h ' s  magnetic f i e l d  Table 1.1, taken 
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Figure 1 . 3  An e l e c t r o n  d e n s i t y  p r o f i l e  determined from an ionosonde 
record ( a f t e r  Bowhill and Schmerling, 1961). 
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from a c h a r t  of Boyd (1965), compares t h e  i o n - n e u t r a l  mean f r e e  path 

and t h e  i o n i c  Debye length with t h e  l i n e a r  dimension, r o f  a prac-  

t i c a l  present-day rocket-borne probe f o r  t h e  va r ious  a l t i t u d e s  of t h e  

lower ionosphere.  

P’  

Height Range 

above 85 k i lome te r s  

below 85 k i lome te r s  

Condi t ions 

R > A D  > r  
P 

R > r > A D  
P 

r > R > A D  
P 

r > AD > R  
P 

Table  1.1 Re la t ions  between mean f r e e  p a t h ,  Debye 
l e n g t h ,  and a p r a c t i c a l  probe r a d i u s  i n  
t h e  lower ionosphere.  

The physical  t h e o r i e s  a p p l i c a b l e  t o  t h e  v a r i o u s  cond i t ions  l i s t e d  

i n  Table 1.1 i q i l l  be  d i scussed  i n  Chapter 2 .  
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2 .  THE USE OF ELECTROSTATIC PROBES I N  THE LOWER IONOSPHERE 

2 . 1  I n t r o d u c t i o n  

One o f  t h e  fundamental techniques f o r  measuring t h e  p r o p e r t i e s  of 

plasmas i s  t h e  use of e l e c t r o s t a t i c  probes.  This  method o f  i n v e s t i g a t i o n  

was h i g h l y  developed by Langmuir and h i s  col leagues as e a r l y  as 1924. 

B a s i c a l l y ,  an e l e c t r o s t a t i c  probe i s  a small m e t a l l i c  e l e c t r o d e  i n s e r t e d  

i n t o  a plasma. 

b i a s i n g  it a t  va r ious  vo l t ages  p o s i t i v e  o r  nega t ive  with r e s p e c t  t o  t h e  

plasma, and t h e  c u r r e n t  c o l l e c t e d  by t h e  probe then  provides  information 

about t h e  cond i t ions  i n  t h e  plasma, such as  t h e  concen t r a t ions  and 

energy d i s t r i b u t i o n s  o f  t h e  charged p a r t i c l e s .  

c o n d i t i o n s ,  t h e  d i s tu rbance  caused by t h e  presence of t h e  probe is 

l o c a l i z e d  and t h e  q u a n t i t y  being measured i s  pe r tu rbed  only t o  a very 

small  degree.  In  some s i t u a t i o n s ,  however, such as i n  t h e  presence o f  

a s t r o n g  magnetic f i e l d ,  t h e  d i s tu rbance  i s  no t  l o c a l i z e d  and t h e  c u r r e n t  

drawn by t h e  probe u s u a l l y  c a r r i e s  considerably l e s s  information.  

s i n c e  a probe appears as a boundary t o  a plasma t h e  theory of probes i s  

very complicated; n e a r  t h e  boundary t h e  equa t ions  governing t h e  motion 

of t h e  plasma change i n  c h a r a c t e r .  

The probe i s  a t tached t o  a DC power supply capable  of 

Under a wide range of  

Also,  

I n  s p i t e  of t h e  many d i f f i c u l t i e s ,  both experimental  and t h e o r e t i c a l ,  

a r i s i n g  from t h e  use of probes i n  plasmas, t h e  method i s  o f  fundamental 

importance s i n c e  i t  has  one d i s t i n c t  advantage ove r  a l l  o t h e r  d i a g n o s t i c  

t echn iques :  it can make l o c a l  measurements. Almost a l l  o t h e r  t echn iques ,  

such as spectroscopy and r a d i o  wave propagat ion,  g ive  information aver- 

aged over  a l a r g e  volume of plasma. 

c u r r e n t  cannot b e  c l e a r l y  i n t e r p r e t e d  i n  terms of' t h e  exact  vaiues  of 

Even i n  t h e  cases  where t h e  probe 
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t h e  plasma parameters nea r  t h e  probe ,  one can s t i l l  deduce r e l a t i v e  

va lues  and t h e i r  f l u c t u a t i o n s .  

2 . 2  Types o f  DC Probes Used i n  t h e  Lower Ionosphere 

2 . 2 . 1  Langmuir Probes 

Before examining t h e  theory  o f  Langmuir probes ,  i t  should  be  noted  

t h a t  i m p l i c i t  i n  any probe theory  i s  t h e  n o t i o n  o f  a s h e a t h .  

r eg ion  ad jacen t  t o  a probe ( o r  any boundary) i n  a plasma, charge neu- 

t r a l i t y  need not be  and u s u a l l y  i s  not  s a t i s f i e d  as i t  i s  i n  t h e  undis -  

t u rbed  plasma away from t h e  probe.  E l e c t r i c  f i e l d s  may t h e r e f o r e  e x i s t  

i n  t h i s  l a y e r  and a p o t e n t i a l  d i f f e r e n c e  appears  between t h e  probe 

s u r f a c e  and t h e  ambient plasma. This  l a y e r  over  which a p o t e n t i a l  

d i f f e r e n c e  e x i s t s  i s  t h e  s h e a t h .  Ascr ib ing  a d e f i n i t e  t h i ckness  t o  t h e  

shea th  i s  an approximation which has  l e d  t o  u s e f u l  t h e o r e t i c a l  r e s u l t s  

and which se rves  as a c r i t e r i o n  f o r  t h e  a p p l i c a b i l i t y  o f  t h e  c lass ica l  

Langmuir probe theory .  This  c r i t e r i o n  w i l l  be d i scussed  l a t e r .  While 

t h e  t h i c k n e s s  of t h e  shea th  surrounding a probe v a r i e s  wi th  probe 

p o t e n t i a l  (Be t t inge r  and Walker, 1964) i t  i s  convenient  t o  express  t h e  

sca le  of  t h i ckness  i n  terms o f  t h e  plasma parameters  by t h e  Debye 

s h i e l d i n g  l eng th ,  A D ,  g iven by Equation ( 1 . 1 ) .  

I n  t h e  

F i r s t  we w i l l  examine t h e  cu r ren t -vo l t age  c h a r a c t e r i s t i c  o f  a 

Langmuir probe .  I n  Figure 2 . 1  t h e  n e g a t i v e ,  o r  e l e c t r o n  c u r r e n t  t o  a 

Langmuir probe i n  a plasma c o n s i s t i n g  o f  p o s i t i v e  i o n s ,  e l e c t r o n s  and 

n e u t r a l s  i s  p l o t t e d  versus  t h e  probe p o t e n t i a l  wi th  r e s p e c t  t o  an 

a r b i t r a r y  r e fe rence  p o i n t .  

cont inuous ly  i n  a s t e a d y - s t a t e  plasma, o r  p o i n t  by p o i n t  i n  a pu l sed  

d i scha rge ,  t h e  probe b i a s  be ing  changed from p u l s e  t o  p u l s e .  A t  t h e  

Such a p l o t  may be  ob ta ined  i n  va r ious  ways: 
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l i n e  V = V the probe i s  a t  t h e  plasma, o r  space,  p o t e n t i a l  and t h e r e  

a r e  no e l e c t r i c  f i e l d s  p r e s e n t  The c u r r e n t  c o l l e c t e d  by t h e  probe is  

e n t i r e l y  due t o  t h e  thermal motions o f  t h e  p a r t i c l e s ,  and s i n c e  t h e  

e l e c t r o n s  have g r e a t e r  thermal v e l o c i t i e s  than t h e  ions t h e  c u r r e n t  i s  

predominantly due t o  e l e c t r o n s ,  

P S 

I f  t h e  probe p o t e n t i a l  i s  made nega t ive  r e l a t i v e  t o  V t h e  e l e c t r o n s  
S 

a r e  r e p e l l e d  and t h e  ions a r e  a c c e l e r a t e d  The e l e c t r o n  c u r r e n t  de- 

c r e a s e s  as V decreases i n  Region B y  which i s  c a l l e d  t h e  r e t a r d i n g  

p o t e n t i a l  region.  Obviously t h e  e l e c t r o n  c u r r e n t  i n  Region B i s  a 

measure o f  t h e  energy d i s t r i b u t i o n  o f  t h e  e l e c t r o n s  s i n c e  only t h o s e  

with thermal energy a t  l e a s t  as g r e a t  as  t h e  r e p u l s i v e  p o t e n t i a l  of t h e  

probe may s t r i k e  t h e  probe.  For a klaxwellian v e l o c i t y  d i s t r i b u t i o n  t h e  

e l e c t r o n  cu r ren t  d e n s i t y  i n  t h e  r e t a r d i n g  p o t e n t i a l  r eg ion  i s  

P 

where j i s  t h e  random c u r r e n t  d e n s i t y  given by k i n e t i c  t heo ry  as r 

j r  = n G/4,  e 

where n 

v i s  

i s  t h e  e l e c t r o n  number d e n s i t y  and t h e  average e l e c t r o n  speed e 
- 

I/ 2 = (8kT / n m  ) e e  

In t h e  above k i s  Boltzmann’s c o n s t a n t ,  Te i s  t h e  e l e c t r o n  

( 2  - 3 )  
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temperature ,  and m i s  t h e  e l e c t r o n  mass. Equations (2.1) , (2.2) and (2.3) 

form t h e  b a s i s  of t h e  c l a s s i c a l  Langmuir probe t h e o r y .  

e 

Thus, i f  t h e  i o n i c  c u r r e n t  i n  the r e t a r d i n g  p o t e n t i a l  region i s  

s u b t r a c t e d ,  t h e  s l o p e  of a semi-logarithmic p l o t  o f  c u r r e n t  versus  

vo l t age  i s  simply r e l a t e d  t o  t h e  temperature.  

A t  t h e  p o i n t  V = V f ,  t h e  probe is  s u f f i c i e n t l y  nega t ive  t o  r e p e l  

a l l  o f  t h e  e l e c t r o n s  except a f l u x  equal t o  t h a t  o f  t h e  p o s i t i v e  i o n s ,  

and no n e t  c u r r e n t  i s  c o l l e c t e d .  An i n s u l a t e d  e l e c t r o d e  i n s e r t e d  i n t o  

t h e  plasma would assume V ( t h e  f l o a t i n g  p o t e n t i a l )  as i t s  equ i l ib r ium 

p o t e n t i a l .  

P 

f 

I f  t h e  probe vo l t age  i s  made p o s i t i v e  r e l a t i v e  t o  t h e  plasma, e l e c -  

t r o n s  are a c c e l e r a t e d  t o  t h e  probe and ions  a r e  r e p e l l e d .  Near t h e  probe 

s u r f a c e  an excess of  nega t ive  charge ( t h e  e l e c t r o n  shea th )  b u i l d s  up i n  

a l a y e r  u n t i l  t h e  t o t a l  nega t ive  charge t h e r e  equals  t h e  equ iva len t  

p o s i t i v e  charge on t h e  probe.  

e l e c t r i c  f i e l d  and t h e  e l e c t r o n  cu r ren t  which e n t e r s  t h e  sheath i s  t h a t  

due t o  thermal motion. Since t h e  area of t h e  shea th  i s  r e l a t i v e l y  con- 

s t a n t  with i n c r e a s i n g  probe vo l t age  (Chen, 1965),  we have t h e  f a i r l y  

f l a t  p o r t i o n  i n  Figure 2 . 1 ,  labeled by A .  This  i s  t h e  r eg ion  o f  s a t u -  

r a t i o n  e l e c t r o n  c u r r e n t .  The magnitude o f  t h e  s a t u r a t i o n  c u r r e n t  is a 

measure of n (kTe)l’* f o r  a Maxwellian d i s t r i b u t i o n  by Equations ( 2 . 2 )  

Outside t h e  shea th  t h e r e  is  very l i t t l e  

e 

and ( 2 . 3 ) .  

A t  l a r g e  n e g a t i v e  values  of V almost a l l  t h e  e l e c t r o n s  a r e  r e -  
P Y  

p e l l e d  and we have an ion shea th  and t h e  s a t u r a t i o n  i o n  c u r r e n t  s een  i n  

Region C of Figure 2 . 1 .  Aside from t h e  d i s p a r i t y  i n  magnitudes due t o  

t h e  di f fe rence  i n  thermal v e l o c i t i e s  t h e  ion  s a t u r a t i o n  c u r r e n t  i s  
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where j i s  given by Equation (2.2) and V i s  t h e  probe v o l t a g e .  I t  i s  

seen t h a t  t h e  e l e c t r o n  d e n s i t y  and temperature  a r e  e a s i l y  o b t a i n e d .  
r P 

One o f  t h e  numerous b u t  we l l -de f ined  r e s t r i c t i o n s  on t h e  a p p l i c a -  

b i l i t y  o f  Langmuir probe theory i s  t h a t  t h e  mean f r e e  pa th  f o r  charged 

p a r t i c l e - n e u t r a l  c o l l i s i o n s  be g r e a t e r  than t h e  shea th  t h i c k n e s s ,  s o  

t h a t  on t h e  average t h e  c o l l e c t e d  p a r t i c l e s  s u f f e r  no c o l l i s i o n s  a f t e r  

e n t e r i n g  t h e  shea th .  I f  once again we t a k e  t h e  Debye l eng th  as i n -  

d i c a t i v e  o f  sheath th i ckness  we s e e  from Table 1.1 t h a t  t h e  E-region of 

t h e  ionosphere e a s i l y  s a t i s f i e s  t h i s  c r i t e r i o n .  The a l t i t u d e  a t  which 

A D  = !L i s  about 90 km. 
~ 

Above t h i s  a l t i t u d e  t h e  motions a r e  e s s e n t i a l l y  

similar t o  t h e  e l e c t r o n  s a t u r a t i o n  c u r r e n t  ( i n  t h e  case  o f  no magnetic 

f i e l d )  except f o r  one major d i f f e r e n c e  d i scussed  by Chen (1965) i n  h i s  

comprehensive review o f  e l e c t r i c  probe theo ry .  

i s  not  t h e  same as t h e  e l e c t r o n  temperature  t h e  ion  s a t u r a t i o n  c u r r e n t  

i s  not  a s t r a igh t - fo rward  measure o f  n .  (kT.)1/2,  where n .  i s  t h e  ion  

number d e n s i t y  and Ti t h e  i o n  temperature .  

When t h e  ion  temperature  

1 1  1 

For a c c e l e r a t i n g  p o t e n t i a l s  t h e o r e t i c a l  c u r r e n t - v o l t a g e  c h a r a c t e r -  

i s t i c s  have been c a l c u l a t e d  i n  d e t a i l  by Mott-Smith and Langmuir (1926).  

I n  t h i s  ca se  the c h a r a c t e r i s t i c  i s  h i g h l y  s e n s i t i v e  t o  t h e  s i z e  and 

shape o f  t h e  e l e c t r o d e .  Exact expressions a r e  p o s s i b l e  only when t h e  

c h a r a c t e r i s t i c  dimension o f  t h e  probe i s  e i t h e r  very l a r g e  o r  very small 

compared t o  t h e  Debye l eng th .  For a small  sphere t h e  e l e c t r o n  c u r r e n t  

d e n s i t y  i n  an a c c e l e r a t i n g  p o t e n t i a l  is  

= j r [ l  + eV /kTe] 
J e  P 



15 

c o l l i s i o n l e s s  f o r  t h e  purposes of probe t h e o r y ,  and t h e r e f o r e  Langmuir 

probe theo ry  a p p l i e s .  The case  R > A D  > r 

s h e a t h  and R > r > A D  r e p r e s e n t s  a t h i n  s h e a t h .  

c u r r e n t  i s  space-charge l i m i t e d ;  fo r  a t h i c k  s h e a t h  t h e  c u r r e n t  i s  

o rb i t a l -mot ion  l i m i t e d  (Mott-Smith and Langmuir, 1926) . 

corresponds t o  a t h i c k  
P 

With a t h i n  shea th  t h e  
P 

Smith (1965) enumerates t h e  c a p a b i l i t i e s  and t h e  p r a c t i c a l  problems 

of Langmuir probe measurements i n  the ionosphere and o u t l i n e s  t h e  design 

o f  a t e s t e d  probe system. 

2 . 2 . 2  Gerdien Condensers 

Gerdien condenser-type instruments (Chalmers, 1957) have as t h e i r  

b a s i s  a theory which t r e a t s  t h e  motions o f  t h e  charged p a r t i c l e s  as 

m o b i l i t y - c o n t r o l l e d ,  which assumes a mean f ree  p a t h  much s h o r t e r  t han  

t h e  d i s t a n c e  over  which t h e  e l e c t r i c  f i e l d  changes apprec i ab ly .  A 

c y l i n d r i c a l  geometry i s  g e n e r a l l y  used and a DC v o l t a g e  i s  app l i ed  

between an o u t e r  e l e c t r o d e  and an inne r ,  c o a x i a l  e l e c t r o d e .  For iono- 

s p h e r i c  a p p l i c a t i o n s  t h e  instrument is flown through t h e  gas by a r o c k e t .  

I f  t h e  e l e c t r i c  f i e l d s  due t o  t h e  space charge are neg lec t ed  t h e  c u r r e n t  

c o l l e c t e d  can be simply r e l a t e d  t o  t h e  ion  number d e n s i t y  i f :  

gas flow r a t e  and a spec t  a r e  known, o r  (2) t h e  i o n i c  m o b i l i t y  is known, 

according t o  t h e  mode o f  ope ra t ion .  

charged p a r t i c l e s  i n  t h e  condenser i s  assumed t o  be col l is ion-dominated 

and t h e  e f f e c t  of t h e  space charge is  n e g l e c t e d ,  t h e  t h e o r e t i c a l  c u r r e n t -  

v o l t a g e  c h a r a c t e r i s t i c  may be de r ived .  

t e r i s t i c  when t h e  ion ized  gas  c o n s i s t s  of one p o s i t i v e l y  charged s p e c i e s ,  

one n e g a t i v e l y  charged s p e c i e s ,  and a n e u t r a l  gas mixture .  

v o l t a g e  o f  t h e  c y l i n d e r  wal l  with the  i n n e r  e l e c t r o d e  as  a r e f e r e n c e .  

(1) t h e  

When t h e  r a d i a l  motion of t h e  

Figure 2 . 2  shows such a charac-  

V i s  t h e  
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Figure 2.2 Current-voltage characteristics of a Gerdien condenser. 
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The two f l a t  regions i n  Figure 2 .  2 are those  of s a t u r a t i o n  c u r r e n t s .  

Obviously t h e  maximum c u r r e n t  c o l l e c t e d  is  j u s t  p r o p o r t i o n a l  t o  t h e  r a t e  

o f  i npu t  of i on ized  g a s ,  o r  t h e  flow v e l o c i t y  V o ,  

c u r r e n t s  f o r  s i n g l y  charged ions are given by 

The s a t u r a t i o n  

( I s )+  = N+eVoAcos 0 
- - 

where N+ and N - a r e  t h e  r e s p e c t i v e  charged p a r t i c l e  number d e n s i t i e s ,  

A is  t h e  r i g h t  c r o s s - s e c t i o n a l  a r e a  of t h e  c y l i n d e r  and 0 is  t h e  (small)  

ang le  between t h e  c y l i n d e r  a x i s  and t h e  flow v e l o c i t y .  

is assumed, but i n  any case  t h e  flow ra te  and t h e  a spec t  ang le  must be 

known t o  determine t h e  number d e n s i t y .  

Subsonic flow 

I n  t h e  two l i n e a r  r eg ions  o f  the c h a r a c t e r i s t i c  t h e  p o s i t i v e  and 

n e g a t i v e  c u r r e n t s  a r e  given by 

where C i s  t h e  capac i t ance  o f  t h e  condenser, 

f r e e  s p a c e ,  and u, are t h e  r e s p e c t i v e  m o b i l i t i e s ,  

t h a t  t h e  r a d i a l  d r i f t  v e l o c i t i e s  a re  p r o p o r t i o n a l  t o  t h e  r a d i a l  e l e c t r i c  

f i e l d .  

must b e  known. 

i s  t h e  p e r m i t t i v i t y  o f  

Equation (2 .6)  assumes 
- 

To determine t h e  number dens i ty  o f  e i t h e r  s p e c i e s  i t s  mob i l i t y  

The assumption t h a t  t h e  motion o f  t h e  charged p a r t i c l e s  be c o l l i s i o n -  

dominated r e q u i r e s  t h a t  t h e  cy l inde r  r a d i u s  be much g r e a t e r  t han  t h e  

mean f r e e  p a t h .  

f o r  t h e  lowest two a l t i t u d e  regions i n d i c a t e d .  Bourdeau, Whipple, and 

From Table 1 . 1  i t  can be seen  t h a t  t h i s  cond i t ion  holds 
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Clark (1959) have desc r ibed  t h e  r e s u l t s  of Gerdien condenser measure- 

ments i n  t h e  a l t i t u d e  range from 35 t o  80 km and they  d i scuss  many of 

t h e  p r a c t i c a l  d i f f i c u l t i e s  encountered,  such as t h o s e  due t o  complicated 

a i r  flow p a t t e r n s  and t h e  lack of knowledge o f  t h e  m o b i l i t i e s  of atmo- 

s p h e r i c  i o n s .  

2 . 3  Yotivat ion f o r  t h e  Present  Research 

Di rec t  measurement o f  p o s i t i v e  ion  concen t r a t ions  a t  D-region 

a l t i t u d e s  i s  required f o r  a complete understanding o f  t h e  formation and 

dynamics of t he  lower ionosphere.  

small  rocke t  i s  a d e s i r a b l e  way t o  make such measurements bu t  t h e  theo ry  

of ope ra t ion  of such a probe i s  as y e t  incomplete.  Any complete theory 

o f  p o s i t i v e  ion c o l l e c t i o n  i n  t h e  D-region must t a k e  i n t o  account t h e  

col l is ion-dominated motion o f  a l l  t h e  p a r t i c l e s ,  t h e  presence of nega- 

t i v e  ions and e l e c t r o n s ,  and many ins t rumen ta l  e f f e c t s .  I n  a d d i t i o n  

such a probe will probably be i n  motion through t h e  plasma, 

As noted e a r l i e r ,  Langmuir probe theory i s  n o t  a p p l i c a b l e  t o  t h e  

An e l e c t r o s t a t i c  probe c a r r i e d  by a 

D-region because of t h e  s h o r t  mean f r e e  p a t h .  Gerdien condenser e x p e r i -  

ments r e q u i r e  knowledge of t h e  a i r  flow through t h e  instrument  o r  of  t h e  

i o n i c  m o b i l i t i e s  t o  o b t a i n  a c l e a r  i n t e r p r e t a t i o n  o f  t h e  c u r r e n t - v o l t a g e  

c h a r a c t e r i s t i c  i n  terms o f  i o n i c  number d e n s i t i e s ,  a l l  w i t h i n  t h e  frame- 

work o f  a theory which n e g l e c t s  space charge and molecular  d i f f u s i o n  

(see Sec t ion  3 . 3 ) .  Even f o r  number d e n s i t i e s  as low a s  10 cm t h e  

n e g l e c t  o f  space charge is  probably not  j u s t i f i e d  (Balmain, 1966) .  

C l e a r l y ,  a more gene ra l  probe theory is  r e q u i r e d  f o r  D-region a p p l i c a t i o n s  

The purpose o f  t h e  p r e s e n t  r e sea rch  is t o  s tudy t h e  theo ry  of 

3 - 3  

opera t ion  of a s p h e r i c a l  e l e c t r o s t a t i c  probe immersed i n  a r e l a t i v e l y  



high p r e s s u r e ,  weakly ion ized  gas cons i s t ing  o f  one type o f  p o s i t i v e  

i o n s ,  one n e g a t i v e l y  charged s p e c i e s ,  and a n e u t r a l  background g a s .  The 

probe is assumed s t a t i o n a r y  with respect  t o  t h e  plasma. While a com- 

p l e t e  t heo ry  o f  D-region probes must allow f o r  t h e  p o s s i b l e  p re sence  

o f  two o r  more n e g a t i v e l y  charged spec ie s  and a motion o f  t h e  probe re- 

l a t i v e  t o  t h e  plasma i t  is  f e l t  t h a t  a good understanding o f  t h e  s i m p l i -  

f i e d  s i t u a t i o n  i s  necessary b e f o r e  undertaking t h e  e n t i r e  problem. 
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3 .  FORMULATION OF TIiE EQUATIONS GOVERNING 
A COLLISION-DOMINATED DC PROBE 

3 . 1  Review o f  t h e  Theory o f  Boyd 

Boyd (1951) explored  t h e  p o s s i b i l i t y  o f  determining t h e  p o s i t i v e  

i o n  d e n s i t y  from t h e  p o s i t i v e  c u r r e n t  t o  a nega t ive ly  b i a sed  s p h e r i c a l  

probe whose rad ius  i s  much g r e a t e r  t han  t h e  mean f ree  pa th  o f  t h e  plasma 

i n  which i t  i s  immersed. He noted  t h a t  t h e  c u r r e n t  t o  t h e  probe i s  

determined by the p o t e n t i a l  d i s t r i b u t i o n  around t h e  probe and d iv ided  

t h e  space  surrounding t h e  probe i n t o  f o u r  r eg ions  ( l i s t e d  h e r e  i n  o r d e r  

o f  i n c r e a s i n g  d i s t ance  from t h e  probe) : 

t h e  space-charge s h e a t h ,  i n  which t h e  p o s i t i v e  ion  

dens i ty ,  n+>>  n - , where n - is  t h e  nega t ive  p a r t i c l e  

number d e n s i t y .  This  i s  a reg ion  o f  s t r o n g  e l e c t r i c  

f i e l d .  

t h e  "abnormal ex t r a - shea th  region",  i n  which n+= n 

t h e  e l e c t r i c  f i e l d  i s  s t r o n g  

t h e  "normal ex t r a - shea th  region",  where n + z n  - and t h e  

e l e c t r i c  f i e l d  i s  weak 

t h e  undis turbed  r e g i o n .  

b u t  - 

Outs ide  t h e  abnormal ex t r a - shea th  r eg ion  Boyd used t h e  o rd ina ry  mob i l i t y  

r e l a t i o n  i n  which t h e  average p a r t i c l e  v e l o c i t y  i s  p r o p o r t i o n a l  t o  t h e  

e l e c t r i c  f i e l d .  C lose r  t o  t h e  probe ,  i n  t h e  abnormal ex t r a - shea th  and 

t h e  s h e a t h ,  h e  employed Sena ' s  h i g h - f i e l d  mob i l i t y  (Sena, 1946) i n  which 

t h e  average v e l o c i t y  i s  p r o p o r t i o n a l  t o  t h e  squa re  r o o t  of  t h e  e l e c t r i c  

f i e l d .  

Cohen (1963) pointed out  t h e  mathematical  i m p o s s i b i l i t y  of p rope r ly  

matching t h e  s o l u t i o n s  f o r  t h e  "normal" r eg ion  and t h e  "abnormal" r e g i o n .  

Nhi le  t h e  use  of two mob i l i t y  models i s  p h y s i c a l l y  wel l -mot iva ted ,  
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Sy n e g l e c t i n g  t h e  ion d i f fus ion  term i n  t h e  f lux  equat ion Boyd was 

a b l e  t o  f i n d  t h e  p o t e n t i a l  p r o f i l e  from s o l u t i o n s  t o  Po i s son ' s  equa t ion  

coupled with t h e  a p p r o p r i a t e  mobil i ty  r e l a t i o n ,  f o r  t h e  case  where t h e  

shea th  t h i c k n e s s  i s  l e s s  t han  a mean f r e e  p a t h .  I n  t h e  oppos i t e  l i m i t  

( a  <<  A D )  he concluded t h a t  t h e  problem was s o l v a b l e  only i f  t h e  shea th  

t h i c k n e s s  were predetermined by experiment, which i s  a very seve re  r e -  

s t r i c t i o n ,  both p r a c t i c a l l y  and t h e o r e t i c a l l y .  

c l u s i o n  was t h e  h i g h l y  non- l inea r  cha rac t e r  o f  t h e  d i f f e r e n t i a l  equat ion 

f o r  t h e  p o t e n t i a l  d i s t r i b u t i o n  ( t h i s  equat ion w i l l  be  seen l a t e r  i n  a 

more complete form than  i n  Boyd's a n a l y s i s ) ;  and approximate numerical 

s o l u t i o n s  were p r a c t i c a l l y  impossible be fo re  t h e  ,advent o f  t h e  modern 

d i g i t a l  computer. 

3 . 2  The Theory of Su and Lam 

The reason f o r  t h e  con- 

Su and Lam (1963) have developed a continuum theory  of s p h e r i c a l  

e l e c t r o s t a t i c  probes i n  a dense,  s l i g h t l y  i o n i z e d  g a s .  They d i scuss  

n e g a t i v e l y  b i a s e d  probes i n  a proper mathematical  f a s h i o n ,  beginning 

with Po i s son ' s  equat ion and two f lux  r e l a t i o n s  deduced from l i n e a r  

i r r e v e r s i b l e  thermodynamics. Four d i s t i n c t  r eg ions  o f  t h e  d i s tu rbance  

around t h e  probe emerged as a r e s u l t  o f  t h e i r  a n a l y s i s :  

( i )  t h e  q u a s i - n e u t r a l  region 

( i i )  t h e  t r a n s i t i o n a l  region 

( i i i )  t h e  ion  shea th  

( i v )  t h e  i o n - d i f f u s i o n  l a y e r .  

The i o n - d i f f u s i o n  r eg ion  i s  a t h i n  l a y e r  ( th i ckness  % a )  immediately 

ad jacen t  t o  t h e  probe s u r f a c e  i n  which t h e  ion  d i f f u s i o n  term i n  t h e  

f l u x  equa t ions  dominates t h e  mobil i ty  term.  The o u t e r  edge o f  t h i s  
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l a y e r  j o i n s  t h e  ion  shea th ,  i n  which t h e r e  a r e  p r a c t i c a l l y  no nega t ive ly  

charged p a r t i c l e s  and n+ > >  n . 
s i t i o n a l  reg ion ,  t h e  nega t ive  p a r t i c l e s  become important  a l though s t i l l  

less numerous than p o s i t i v e  i o n s .  

t o  n+ - -  > n i n  t h i s  r eg ion  u n t i l ,  f i n a l l y  i n  t h e  q u a s i - n e u t r a l ,  n+Fz:n - . 
Boyd's normal ex t ra -shea th  corresponds t o  t h e  q u a s i - n e u t r a l  r eg ion .  

J u s t  o u t s i d e  t h e  s h e a t h ,  i n  t h e  t r a n -  - 

The i n e q u a l i t y  v a r i e s  from n+ >; n - 

E x p l i c i t  forms f o r  t h e  cu r ren t -vo l t age  c h a r a c t e r i s t i c s  were found 

by Su and Lam fo r  very nega t ive  probes and f o r  probes n e a r  plasma poten-  

t i a l .  I n  bo th  cases  t h e  probe r a d i u s  was assumed t o  b e  much g r e a t e r  t han  

t h e  Debye length .  Numerical s o l u t i o n s  t o  t h e  equat ions  were cons t ruc t ed  

f o r  a wider  range o f  probe s izes  under another  approximation t o  be  d i s -  

cussed i n  d e t a i l  i n  Chapter 4 .  

3 . 3  Su and L a m ' s  Equations 

The equat ions developed by Su and Lam (1963) inc lude  t h e  e f f e c t s  

They o f  space  charge i n  t h e  p o t e n t i a l  d i s t r i b u t i o n  around t h e  probe .  

a l s o  al low f o r  c u r r e n t s  due t o  f r e e  d i f f u s i o n  i n  t h e  f l u x  r e l a t i o n s ,  and 

they  t r e a t  t h e  p a r t i c l e  motions as co l l i s ion-dominated .  Thus t h e  phys ic s  

o f  t h e  s i m p l i f i e d  s i t u a t i o n  desc r ibed  a t  t h e  end o f  Sec t ion  2 ; 3  i n  which 

a s p h e r i c a l  DC probe,  s t a t i o n a r y  r e l a t i v e  t o  t h e  plasma, draws a p o s i t i v e  

ion  c u r r e n t  should be  governed by Su and L a m ' s  e q u a t i o n s ,  

t h e  development o f  t h e  governing equat ions  i n  t h i s  r e p o r t  fo l lows  t h a t  o f  

Su and Lam (1963). 

Therefore  

From l i n e a r  i r r e v e r s i b l e  thermodynamics t h e  expres s ions  f o r  t h e  

c u r r e n t  d e n s i t i e s  o f  p o s i t i v e  ions  and e l e c t r o n s  ( o r  nega t ive  ions )  i n  

a s l i g h t l y  ion ized ,  dense gas a r e ,  r e s p e c t i v e l y ,  
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= e[-$(D+N+) - y+N+$V] T+ 

3 = -e[-$(D - -  N ) - - -  N $VI , ( 3 . 2 )  

where N + ,  N - , p + ,  p - ,  D + ,  D - ,  are the number d e n s i t i e s ,  m o b i l i t i e s ,  and 

d i f f u s i o n  cons t an t s  f o r  t h e  p o s i t i v e  and nega t ive  s p e c i e s ,  and V i s  t h e  

e l e c t r o s t a t i c  p o t e n t i a l .  These expressions can a l s o  be de r ived  d i r e c t l y  

from a k i n e t i c  theory p o i n t  o f  view i n  t h e  continuum l i m i t  ( s ee  

Wasserstrom e t  a l .  1965).  The f i r s t  term on t h e  r ight-hand s i d e s  o f  

(3.1) and ( 3 . 2 )  i s  t h e  c u r r e n t  densi ty  due t o  molecular  d i f f u s i o n ,  and 

t h e  second term is t h e  e l e c t r i c a l l y - d r i v e n  (ohmic) c u r r e n t  d e n s i t y .  In 

t h e  s t e a d y  s t a t e  and with no production o r  loss  o f  charged p a r t i c l e s  t h e  

two equat ions o f  charge conservat ion become 

-- 

-+ v . 3 + = 0  

+ 
0 . 3  - = o  

( 3 . 3 )  

(3.4) 

The e l e c t r o s t a t i c  p o t e n t i a l  V(r) must obey Po i s son ' s  equat ion 

( w r i t t e n  h e r e  i n  r a t i o n a l i z e d  M K S  u n i t s ) :  

(3.5) 
2 V V(r) = -e(N+ - N-)/so 

In Equations ( 3 . 1 ) ,  ( 3 3 ,  and ( 3 . 5 ) ,  s ingly-charged ions a r e  assumed, 

and a s p h e r i c a l  coord ina te  system with an o r i g i n  concen t r i c  with t h e  

probe a r e  t o  be used,  with r t h e  r a d i a l  coord ina te .  
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The boundary cond i t ions  imposed on t h i s  s e t  o f  equat ions  a r e  t h a t  

i n f i n i t e l y  far  from t h e  probe t h e  p o s i t i v e  and nega t ive  number d e n s i t i e s  

are  equal  t o  the qu ie scen t  plasma d e n s i t y ,  N o ,  and are ze ro  a t  t h e  probe 

s u r f a c e ,  r = r assuming an absorbing probe s u r f a c e ,  and t h a t  t h e  po- 

t e n t i a l  o f  t h e  qulescent  plasma i s  taken  t o  be  zero  and t h a t  o f  t h e  probe 

t o  be  V . That i s ,  

P '  

P 

N + ( r  ) = N ( r  1 = 0 
P - P  

( 3 . 7 )  

V(r  ) = V 
P P 

Equations ( 3 . 3 )  and (3 .4)  may be  i n t e g r a t e d  once.  With I + ,  t h e  

t o t a l  p o s i t i v e  ion c u r r e n t ,  and I - , t h e  t o t a l  nega t ive  i o n  c u r r e n t ,  as 

t h e  r e s p e c t i v e  cons tan ts  o f  i n t e g r a t i o n  we have: 

(3 .10)  

( 3 , l l )  

where t h e  E ins t e in  r e l a t i o n s ,  D+ = p+kTc/e and D - = 1-1 - -  kT / e  have been 

employed. 

To i s o l a t e  important  phys i ca l  parameters  we in t roduce  dimensionless  
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v a r i a b l e s  as fol lows : 

n+ = N+/No  , n - = N - /No 

s = r/r 
P 

The n e g a t i v e  s i g n  i n  t h e  d e f i n i t i o n  o f  C$ was chosen t o  make C$ p o s i t i v e  

f o r  n e g a t i v e l y  b i a s e d  probes.  Equations ( 3 . 5 ) ,  (3.1O), and (3.11) be- 

come 

where 

2 2  - + -- " - - r N e (n+ - n-)/EokT 
s ds P O  

d2$ 
2 ds 

2 n 
- - - -  + dC$ - - 1 + / 4 1 ~ r  N eD+s dn+ 
ds E ds P O  

- 2 dn 
- + n  - " - - I /41rr N eD s 
ds - ds  - P O  - 

E = T+/T - 

(3.12) 

(3.13) 

(3 .14)  

If w e  now recognize t h e  squa re  o f  the Debye l e n g t h ,  A D ,  i n  Equation (3.12) 

A i  = EokT /Noe 2 

( t h a t  which would flow i f  t h e  I R  and t h e  random p o s i t i v e  i o n  c u r r e n t ,  



26 

probe were a t  the plasma p o t e n t i a l )  

IR = 4nNoeD r 
+ P  

we can make a t ransformation t o  s impl i fy  Equation (3.12)  F i r s t ,  we 

R '  d e f i n e  t h e  r a t i o  o f  p o s i t i v e  ion c u r r e n t  t o  I 

R '  a = IJI 

Then we introduce t h e  i n v e r s i o n  t r a n s  format ion  

x = E U / S  

Equations (3 .12 ) ,  (3 .13 ) ,  and (3.14) become 

1 

- 1  dn+ dQ - 
n + d x  - E -  - dx 

(3.15) 

(3,161 

( 3  17) 

(3 .18)  

(3.19)  

Due t o  t h i s  t r ans fo rma t ion  t h e  coord ina te  o f  t h e  prob- s u r f a  x = Ea ,  

while  p o i n t s  i n f i n i t e l y  f a r  from t h e  probe correspond t o  x = 0 ,  

boundary condi t ions ( 3 , 6 ) ,  ( 3 . 7 ) ,  (3  8 ) ,  and ( 3 c 9 )  become, i n  t h e  dimen- 

s i o n l e s s  va r i ab le s  and t h e  i n v e r t e d  coord ina te  system: 

The 
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(3.20) 

n+(ECo = n - ( E C ~ )  = o (3.21) 

$(Ea)  = $ = -eV /kT (3.23) P P -  

This  system of equat ions i s  highly n o n l i n e a r .  The method o f  s o l u t i o n  

i s  d i scussed  i n  Chapter 4. 
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4 .  METHOD SOLUTION FOR I I I G I I L Y  NEGATIVE PROBES 

4 . 1  Approximate Ana ly t i c  Techniques 

For h ighly  nega t ive  probes (6 : 1) i t  should  be  expected t h a t  t h e  
P 

c u r r e n t  o f  nega t ive ly  charged p a r t i c l e s  vanishes  ~ Equation ( 3 ”  19) be-  

comes 

wi th  t h e  s imple s o l u t i o n ,  u s ing  ( 3 . 2 0 ) ,  

n - = exp (-(+I . (4; 2 )  

Equation (4 .2)  is t h e  Boltzmann d i s t r i b u t i o n  f o r  nega t ive  ions  i n  a re-  

p u l s i v e  p o t e n t i a l .  

t o  t h e  probe i s  much less than  i t s  random v a l u e .  

cussed t h i s  po in t  i n  d e t a i l .  They showed ( 4 . 2 )  t o  be n e a r l y  exac t  f o r  

h igh ly  nega t ive  p robes .  

I t  should  be v a l i d  whenever t h e  nega t ive  i o n  c u r r e n t  

Su and Lam (1963) d i s -  

A s  mentioned p rev ious ly ,  Su and L a m  (1963) found approximate ana- 

l y t i c  s o l u t i o n s  t o  ( 3 . 1 7 ) ,  ( 3 .18 ) ,  and (4 .2)  f o r  probe p o t e n t i a l s  approach- 

ing  nega t ive  i n f i n i t y ,  i n  t h e  case  where r / A  approaches i n f i n i t y .  

Cohen (1963) ,  i n  an asymptot ic  a n a l y s i s ,  a l s o  found approximate s o l u t i o n s  

f o r  t h e  case r /A approaching i n f i n i t y ,  bu t  w i th  a f i n i t e  probe v o l t a g e ,  

4 .2  Su and Lam’s Approximation and Numerical I n t e g r a t i o n  

P D  

P D  

For probes o f  more moderate s i z e  compared t o  t h e  Debye l eng th ,  Su 

and Lam (1963) invoked numerical  methods. Before performing a numerical  
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i n t e g r a t i o n  they  combined ( 4 . 2 ) ,  (3.17),  and (3.18) t o  o b t a i n  

where t h e  primes i n d i c a t e  d i f f e r e n t i a t i o n  with r e s p e c t  t o  t h e  v a r i a b l e  

x ,  and C i s  given by 

2 2  C = (Er a) / A D  
P (4 .4 )  

4 '  The t h i r d - o r d e r  term, E ( X  0") , i n  (4 .3)  i s  o f  some i n t e r e s t .  Su and 

Lam (1963) po in t ed  out  t h a t :  

( i )  i t  is  r e spons ib l e  f o r  the e x i s t e n c e  of t h e  i o n - d i f f u s i o n  

l a y e r ,  and must b e  included t o  f u l f i l l  t h e  boundary 

cond i t ion  on t h e  p o s i t i v e  i o n  d e n s i t y  a t  t h e  probe 

s u r f a c e ,  Equation (3.21) , and 

( i i )  i t  causes an i n s t a b i l i t y  i n  t h e  numerical i n t e g r a t i o n .  

I n  t h e i r  numerical s o l u t i o n  of (4.3) Su and Lam (1963) dropped t h e  

t h i r d - o r d e r  term. They j u s t i f i e d  t h i s  s i m p l i f i c a t i o n  by t h e  fol lowing:  

(i) t h e i r  a n a l y s i s  o f  probes f o r  which 

(4.51 
1 

> - l n [ C / ( l  + E ) ]  >>  1 

i n d i c a t e d  t h a t  t h e  decrease i n  $(x) due t o  n e g l e c t  

of t h e  t h i r d - o r d e r  term i s  of t h e  o r d e r  o f  E, and 

i s ,  t h e r e f o r e ,  n e g l i g i b l e  f o r  4 >>  1 

OP 3 

P 
( i i )  i n  many plasmas, E <<  1 

( i i i )  i f  t h e  term is r e t a i n e d  t h e  numerical i n t e g r a t i o n  

cannot be performed even by modern d i g i t a l  computers. 
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Also,  because o f  t h e  boundary l a y e r  behavior  of t h e  p o s i t i v e  i o n  d e n s i t y  

i n  t h e  ion -d i f fus ion  l a y e r ,  Su and Lam (1963) claimed t h a t  t h e  s o l u t i o n s ,  

(a(x), of (4 .3)  a r e  i n s e n s i t i v e  t o  t h e  boundary c o n d i t i o n ,  ( 3 . 2 1 ) ,  on t h e  

p o s i t i v e  i o n  dens i ty  at  t h e  probe s u r f a c e .  

t h e  t h i r d - o r d e r  term. Numerical i n t e g r a t i o n s  of  (4 .3)  could  then  be  pe r -  

formed wi th  C as a f r e e  parameter ,  t hus  provid ing  p o t e n t i a l  p r o f i l e s  

from which t h e  cu r ren t -vo l t age  c h a r a c t e r i s t i c  of  t h e  probe could be  con- 

s t r u c t e d .  The r e s u l t s  o f  t h i s  approximation and t h e  subsequent  numerical  

i n t e g r a t i o n s  w i l l  be  p re sen ted  i n  Chapter  5 and w i l l  be compared t o  t h e  

r e s u l t s  obtained by numerical  i n t e g r a t i o n s  o f  (3.17) , (3 .18 ) ,  and ( 4 . 2 )  

i n  t h e i r  exac t  form, 

4 . 3  The Present  Work: A Numerical I n t e g r a t i o n  o f  t h e  Exact Lquat ions 

For t h e s e  reasons  they  dropped 

4 .3 .1  Numerical So lu t ion  wi th  no Approximations 

I n  t h e  present  work t h e  t h i r d - o r d e r  term is  r e t a i n e d  f o r  s e v e r a l  

reasons .  F i r s t ,  E = 1 i s  t h e  case o f  i n t e r e s t ,  s i n c e  i n  t h e  D-region 

T+ = T , whether e l e c t r o n s  o r  nega t ive  ions  a r e  t h e  nega t ive  s p e c i e s  

(Salah and Bowhill, 1966) .  A l s o ,  some approximate numerical  s o l u t i o n s  

by t h e  a u t h o r  ind ica t ed  t h a t  i n e q u a l i t y  (4 .5 )  would n o t  be  s a t i s f i e d  by 

t h e  parameter  C f o r  many normalized c u r r e n t s ,  a, o f  i n t e r e s t  because 

rp/XD is  o f  t h e  o r d e r  of u n i t y  i n  t h e  p r e s e n t  problem. F i n a l l y ,  t h e  

a v a i l a b i l i t y  of a very f a s t  d i g i t a l  computer ( I l l i a c  I1 o f  t h e  Department 

o f  Computer Science a t  t h e  Un ive r s i ty  o f  I l l i n o i s ) ,  capable  o f  t h i r t e e n -  

- 

, p l a c e  accuracy,  made p o s s i b l e  some numerical  s o l u t i o n s  o f  (3 .17 ) ,  (3 .18 

and ( 4 . 2 ) ,  w i t h  no approximations.  

The general  t echnique  employed i n  t h e  p r e s e n t  r e sea rch  was t o  pe r -  

form numerical i n t e g r a t i o n s  o f  (3 .17)  and ( 3 . 1 8 ) ,  u s ing  ( 4 . 2 ) ,  i n  t h e  
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d i r e c t i o n  of  i n c r e a s i n g  x (toward the probe s u r f a c e ) .  A Runge-Kutta-Gill 

r o u t i n e  ( G i l l ,  1951) was used.  I f  the p o i n t  x = 0 could have been 

chosen as t h e  s t a r t i n g  p o i n t  f o r  t h e  i n t e g r a t i o n ,  t h e  q u a s i - n e u t r a l  

s o l u t i o n  (which o b t a i n s  on s e t t i n g  n+ = n , and us ing  $ ( O )  = 0)  could 

c e r t a i n l y  have provided i n i t i a l  values f o r  n + ,  n , 4 ,  and t h e  d e r i v a t i v e  

o f  4 ,  t hus  determining t h e  necessary s t a r t i n g  values  f o r  t h e  i n t e g r a t i o n ,  

However, due t o  t h e  behavior  o f  t h e  second d e r i v a t i v e  o f  4 a t  x = 0 ,  a 

small bu t  non-zero value of x had t o  be chosen as t h e  s t a r t i n g  p o i n t .  

A c o r r e c t i o n  term t o  t h e  quas i -neu t r a l  s o l u t i o n  was necessa ry ,  and com- 

p a t i b l e  s t a r t i n g  values  f o r  x ,  n+ ,  n - ,  4 ,  and 4 '  were r e q u i r e d .  The 

Poincare-Lighthil l-Kuo technique (Tsien, 1956) was used t o  f i n d  t h e s e  

values  (see Appendix A ) ,  Then f o r  E = 1, values  were chosen f o r  a and 

rp/XD, and a numerical i n t e g r a t i o n  was at tempted.  The i n t e g r a t i o n  was 

t o  cont inue t o  x t h e  coord ina te  of t h e  probe s u r f a c e ,  with t h e  probe 

p o t e n t i a l  and t h e  p o t e n t i a l  p r o f i l e  as  t h e  major r e s u l t .  P r o f i l e s  of 

n+(x) and n (x) were a l s o  t o  be found. 

- 

- 

P' 

- 
A s  expected,  t h i s  numerical procedure was u n s t a b l e ;  it e x h i b i t e d  

g r e a t  s e n s i t i v i t y  t o  t h e  s t a r t i n g  value,  $A, of  t h e  d e r i v a t i v e  o f  t h e  

p o t e n t i a l .  

with x if 4; was t o o  h igh ;  i f  4: was t o o  low, n + ( x ) ,  took on nega t ive  

v a l u e s .  Tes t s  f o r  t h e s e  i n s t a b i l i t i e s  were inco rpora t ed  i n t o  t h e  computer 

program ( see  Appendix B ) ,  Thus t h e  problem was t o  determine t h e  c o r r e c t  

va lue  ( e s s e n t i a l l y  an eigenvalue)  of 4; a c c u r a t e l y  enough f o r  t h e  i n t e -  

g r a t i o n  t o  proceed t o  x .in a s t a b l e  manner. An i t e r a t i v e  process  i n  

t h e  computer program ( s e e  Appendix B )  was used t o  f i n d  t h i s  e igenvalue.  

The i n t e g r a t i o n  was terminated a t  the probe s u r f a c e  and t h e  value of 

The normalized p o s i t i v e  i o n  d e n s i t y ,  n + ( x ) ,  i nc reased  r a p i d l y  

P 
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n+(x  ) was examined. 

t e g r a t i o n  was repeated wi th  a s l i g h t l y  lower va lue  o f  4 '  i n  an a t tempt  

t o  match n+(x  ) t o  ze ro .  

t h i s  manner by an i t e r a t i v e  r o u t i n e  i n  t h e  computer program u n t i l  e i t h e r  

n+(x ) was matched t o  ze ro ,  o r  $A was determined t o  t h e  l imits of machine 

accuracy ( t h i r t e e n  decimal p l a c e s ) .  I t  was d i f f i c u l t  t o  o b t a i n  numerical  

s o l u t i o n s  i n  t h i s  way f o r  many va lues  o f  i n t e r e s t  o f  t h e  parameter  C y  t h e  

l a r g e r  C y  t h e  more d i f f i c u l t .  For C 50 ,  t h e  s t a r t i n g  va lue  f o r  4 '  

had t o  be  determined more p r e c i s e l y  than  t o  t h i r t e e n  decimal p l a c e s ,  t h e  

p r e c i s i o n  l i m i t  o f  t h e  computer, and numerical  s o l u t i o n s  were imposs ib l e ,  

For C < 50,  s o l u t i o n s  were p o s s i b l e  but t h e  probe p o t e n t i a l s  of  t h e s e  

s o l u t i o n s  were n o t  l a r g e  enough t o  allow t h e  c o n s t r u c t i o n  of  t h e  c u r r e n t -  

v o l t a g e  c h a r a c t e r i s t i c  of  t h e  probe f o r  p r a c t i c a l  vo l t ages  ( 4  ; 150, 

o r V  c -  0 . 7 5  v o l t s  f o r  T = 210'K).  

I f  n + ( x  ) was g r e a t e r  t han  zero t h e  numerical  i n -  
P P 

0 

The va lue  of  4; was r epea ted ly  ad jus t ed  i n  
P 

P 

0 

P 

P - 

This  approach e v i d e n t l y  could not  gene ra t e  t h e  c u r r e n t - v o l t a g e  charac-  

t e r i s t i c  o f  t h e  probe over  a wide range o f  ope ra t ing  c o n d i t i o n s ,  but  i t  

i l l u s t r a t e d  t h e  behavior  o f  t h e  exac t  s o l u t i o n s  and thus  i n s p i r e d  t h e  

development of  a more e f f e c t i v e  technique  (see S e c t i o n  4 . 3 . 2 ) ,  The con- 

c e n t r a t i o n s  o f  p o s i t i v e  and nega t ive  ions  around t h e  p robe ,  ob ta ined  en- 

t i r e l y  by t h e  numerical i n t e g r a t i o n ,  are shown i n  F igu re  4 . 1  f o r  

r p / h D  = 0 . 6 4  and ct = 8.50 .  

I n  t h e  numerical computations t h e  independent v a r i a b l e  was s c a l e d  

according t o  

x = x / ( l  + E) * (4 " 6 )  

This  s c a l i n g  was in t roduced  t o  reduce t h e  computer t ime r e q u i r e d  f o r  
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Figure 4 . 1  P o s i t i v e  and negat ive ion  d e n s i t i e s  obtained by a 
numerical  i n t e g r a t i o n .  
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t h e  numerical  i n t e g r a t i o n  and t o  f a c i l i t a t e  d i r e c t  comparison with t h e  

r e s u l t s  o f  Su and Lam (1963),  s i n c e  they  used t h e  same s c a l i n g  i n  t h e i r  

numerical  s o l u t i o n s  o f  t h e  s i m p l i f i e d  form o f  (4 .3)  Here, E = 1 i s  
- 

adopted;  Figure 4 . 1  i s  t h e r e f o r e  a p l o t  o f  n+ and n 

reg ions  descr ibed  by Su and Lam (1963) a r e  seen  c l e a r l y .  Between t h e  

probe s u r f a c e ,  2 

The t h i c k n e s s  of t h i s  l a y e r ,  by (3 .16 ) ,  i s  approximately 0 . 2  r . The 

ion  s h e a t h ,  1 .5  < - x - 3 . 5 ,  i s  s t r i k i n g  i n  t h a t  t h e  i o n  d e n s i t y  t h e r e  i s  

n e a r l y  cons t an t .  This  f e a t u r e  w i l l  b e  d i scussed  i n  more d e t a i l .  A t  t h e  

o u t e r  edge o f  t h e  shea th  we see t h e  t r a n s i t i o n a l  r eg ion  and then  t h e  

q u a s i - n e u t r a l  reg ion  (x < 0 . 5 ) .  The s t a r t i n g  p o i n t  f o r  t h e  i n t e g r a t j n n ,  

x = 0.25 ,  corresponds t o  r = 17 r . The probe p o t e n t i a l  corresponding 

t o  t h e  i o n  d i s t r i b u t i o n s  i n  F igure  4 . 1  i s  I$ = 21,16,  Success ive  i t e r -  

a t i o n s  , which u l t i m a t e l y  s a t i s f i e d  t h e  homogeneous boundary cond i t ion ,  

(3 .21 ) ,  revealed t h a t  t h e  s o l u t i o n s  t o  t h e  equa t ions  are q u i t e  insen-  

s i t i v e  t o  t h i s  boundary c o n d i t i o n ,  as p r e d i c t e d  by Su and Lam (1963).  

versus  x. The f o u r  - 

= 4.25 ,  and 2 = 3,s t h e  i o n - d i f f u s i o n  l a y e r  appears .  
P 

P 

P 

P 

The f l a t  p o r t i o n  of t h e  n+(x  ) p r o f i l e  i n  F igure  4 . 1  which w i l l  b e  
P 

c a l l e d  t h e  "uniform shea th  region",  was a common f e a t u r e  o f  a l l  t h e  

s o l u t i o n s  obtained when t h e  equat ions  were so lved  wi th  no approximations.  

The e x i s t e n c e  of t h i s  r eg ion  served  as t h e  b a s i s  f o r  a more powerful 

method o f  s o l u t i o n  o f  (3.17) and (3 .18) ,  i n  which t h e  numerical  i n t e -  

g r a t i o n  could  b e  te rmina ted  be fo re  reaching  t h e  probe s u r f a c e ,  and 

matched t o  an approximate a n a l y t i c a l  s o l u t i o n .  

t h i s  method. 

The next  s e c t i o n  exp la ins  



4 . 3 . 2  

Numerical So lu t ion  

Matching an Approximate Analyt ic  So lu t ion  t o  an Incomplete 

A simple bu t  extremely accu ra t e  approximation l e d  t o  a more f e a s i b l e  

numerical technique e Re-writing (3.17) and ( 3  18) i n  t h e  x-coordinate  

system, and s u b s t i t u t i n g  f o r  n - from (4 .2 )  we have, aga in  f o r  E = 1, 

and 

The s i m p l i f i c a t i o n  a rose  from no t i c ing  t h a t  t h e  second d e r i v a t i v e ,  + I f ,  

of  t h e  p o t e n t i a l ,  r a p i d l y  approaches zero as x i n c r e a s e s .  

p o t e n t i a l  g r a d i e n t ,  $ I ,  approaches an asymptote which i s  j u s t  t h e  va lue  

Thus t h e  

o f  4 '  a t  t h e  probe s u r f a c e .  Let K be t h e  asymptote; t hen  f o r  values  o f  

x l a r g e r  t han  x ( t h e  po in t  a t  which 4"  becomes a r b i t r a r i l y  s m a l l ) ,  
0 

= Kn+ - 2 , 
dn+ - 
djr 

0 '  
The s o l u t i o n  t o  (4.9) i s ,  f o r  x x 

n = 2(1-exp[-K(x -x)]) /K , 
P + 

(4 9) 

(4.10) 

which d e s c r i b e s  t h e  behavior  of n+(x) i n  Figure 4 . 1  f o r  > 2.0.  We 

may n o t  n e g l e c t  t h e  exponen t i a l  term compared t o  u n i t y  i n  (4.10) when 
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exp[-K(? P -? ) I  > (4.11) 

I n e q u a l i t y  (4.11) may be considered t h e  d e f i n i n g  r e l a t i o n  f o r  t h e  e x t e n t  

o f  t h e  t h i n  ion -d i f fus ion  l a y e r .  In  t h e  numerical i n t e g r a t i o n  which 

produced Figure 4 . 1  t h e  asymptotic value f o r  4 '  was K s 5 . 8 0 ,  and 

exp[-K(x - x ) ] ~ 3 1 0 - ~  a t  ? = 3.50. n+*2/K, 

which i s  seen t o  be a good approximation t o  t h e  n e a r l y  uniform i o n  d e n s i t y  

i n  t h e  s h e a t h .  

When exp[-K(? -;)I < 
P P 

Now f o r  highly nega t ive  probes n - may b e  neg lec t ed  compared t o  n+ 

i n  t h e  s h e a t h .  This  is seen i n  Figure 4 . 1  f o r  t h e  case  Q = 21.16, 

which is not  a p a r t i c u l a r l y  l a r g e  probe p o t e n t i a l .  This n e g l e c t  was 

a l s o  j u s t i f i e d  a n a l y t i c a l l y  by Su and Lam (1963).  The re fo re ,  (4.10) 

may be s u b s t i t u t e d  i n t o  ( 4 . 7 )  t o  o b t a i n  an expres s ion  f o r  Q" i n  t h e  

shea th  : 

P 

2 

dX2 
x -  -4 = C / 2 K  . (4.12) 

The d i f f e r e n t i a l  equat ion (4.12) f o r  t h e  p o t e n t i a l  a p p l i e s  between Go 

and t h e  ou t s ide  edge o f  t h e  d i f f u s i o n  l a y e r ,  where (4.11) holds  and t h e  

equat ion becomes 

2 
x -  -4 ' = C ( l  - exp[-K(k - ? ) ] ) / 2 K  . (4.13) 

dx2 P 

The b e s t  j u s t i f i c a t i o n  f o r  t h e s e  s i m p l i f i c a t i o n s  i s  t h e  r e s u l t s  o f  t h e  

i n t e g r a t i o n s  descr ibed i n  S e c t i o n  4 . 3 . 1  i n  which it  was at tempted t o  

c a r r y  t h e  numerical i n t e g r a t i o n  a l l  t h e  way t o  t h e  probe s u r f a c e .  For 
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t h e  p r e s c r i b e d  range o f  values  of r / A  
P D  

0 . 1  < r / A  < 1 . 0  , (4.14) 
P D  

h i g h l y  n e g a t i v e  probes always yielded s o l u t i o n s  f o r  which t h e  r eg ions  of 

d i s t u r b a n c e  around t h e  probe were exac t ly  as found by Su and Lam (1963).  

In  p a r t i c u l a r ,  a shea th  of n e a r l y  uniform ion  d e n s i t y  always appeared; 

t h e  t r a n s i t i o n a l  region was never adjacent  t o  t h e  i o n - d i f f u s i o n  l a y e r .  

In  a d d i t i o n ,  t h e  p o t e n t i a l  g r a d i e n t  always approached i t s  asymptot ic  

value ( t o  b e t t e r  than one p a r t  i n  10 ) oefo rc  t h e  i n t e g r a t i o n  reached 3 

t h e  probe s u r f a c e .  

Consequently t h e  procedure useu t o  genclrate t h e  c u r r e n t - v o l t a g e  

c h a r a c t e r i s t i c s  of t h e  probe from (4.7) and ( 4 . 8 )  was t o  choose values  

f o r  t h e  parameter C and numerical ly  i n t e g r a t e  (4 .7 )  and (4 .8)  up t o  xo,  
t h e  p o i n t  where t h e  second d e r i v a t i v e  o f  t h e  p o t e n t i a l  became a r b i t r a r i l y  

small ( $ ! I  = was chosen) .  Then (4.12) produced a n a l y t i c  s o l u t i o n s  

v a l i d  up t o  t h e  d i f f u s i o n  l a y e r ,  which were matched t o  t h e  numerical 

s o l u t i o n s  a t  x 
t h e  p o t e n t i a l  obeys 

t h e  p o i n t  of terminat ion o f  t h e  l a t t e r .  I n  t h i s  r eg ion  
0 '  

(4.15) 

A 
0 

(4.15) i s  n e a r l y  e x a c t .  The i n t e g r a l  term r e p r e s e n t s  t h e  c o r r e c t i o n  due 

t o  t h e  non-zero va lue  of a t  io ($'!(io) = I n  a l l  ca ses  o f  i n -  

t e r e s t ,  i t s  magnitude was l e s s  than 3 x 

f i rs t  two terms on t h e  r i g h t  s i d e  of ( 4 . 1 5 ) .  

t imes t h e  magnitude of t h e  
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A range of values  of x = a/2 f o r  each C were found by (4.14) and 
P 

t h e  c r i t e r i o n  (4.11) app l i ed  t o  f i n d  t h e  edge of t h e  d i f f u s i o n  layer ,  i n  

which (4.13) must be used i n  p l a c e  of ( 4 . 1 2 ) .  I t  was found t h a t  t h e  

r e s u l t i n g  expression f o r  $(x) i n  t h e  d i f f u s i o n  l a y e r  produced a n e g l i g i b l e  

change i n  t h e  probe p o t e n t i a l ,  , from t h a t  r e s u l t i n g  from t h e  a p p l i -  

c a t i o n  of (4.15) a l l  t h e  way t o  t h e  probe s u r f a c e ,  f o r  a l l  va lues  o f  K 

from t h e  numerical i n t e g r a t i o n s  and f o r  a l l  2 

t h e  conclusion found e a r l i e r  by exac t  numerical  i n t e g r a t i o n ,  t h a t  t h e  

boundary condi t ion (3.21) on t h e  p o s i t i v e  i o n  d e n s i t y  a t  t h e  probe s u r -  

f ace  does no t  appreciably a f f e c t  t h e  s o l u t i o n .  

$P 

from ( 4 . 1 4 ) .  This v e r i f i e s  
P 

The method o f  s o l u t i o n  j u s t  o u t l i n e d  t a k e s  advantage o f  t h e  asymp- 

t o t i c  behavior  o f  $ '  and thus  pe rmi t s  a numerical s o l u t i o n  o f  (4 .7)  and 

(4.8) ; it avoids t h e  i n s t a b i l i t y  which would b e s e t  a numerical  i n t e g r a -  

t i o n  c a r r i e d  i n t o  t h e  i o n - d i f f u s i o n  r eg ion .  The r e s u l t s  of t h i s  i n t e -  

g r a t i o n  i s  given i n  Chapter 5 .  
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5 ,  RESULTS AND DISCUSSlON 

5 . 1  Some Resu l t s  of t h e  Present  Work and Comparisons t o  Those o f  Su and Lam 

The probe e q u a t i o n s ,  (4 .7)  and (4 .8 ) ,  were so lved  by t h e  method de- 

s c r i b e d  i n  Sec t ion  4 . 3 - 2 ,  The s o l u t i o n s  were t e s t e d  f o r  s e n s i t i v i t y  t o  

v a r i a t i o n s  i n  t h e  s t e p  s i z e  and t h e  i n i t i a l  values  by r e p e a t i n g  t h e  nu- 

merical  i n t e g r a t i o n  with d i f f e r e n t  s t a r t i n g  values  and s t e p  s i z e ,  I f  t h e  

s o l u t i o n  ob ta ined  with t h e  o r i g i n a l  parameters agreed with t h a t  ob ta ined  

using t h e  new parameters t o  a t  l e a s t  t h r e e  s i g n i f i c a n t  f i g u r e s  t h e  s o l u t i o n  

was accepted.  The s t e p  s i z e  u l t i m a t e l y  chosen was 0.01, and i n  most c a s e s ,  

t h e  s o l u t i o n s  agreed t o  a t  l e a s t  fou r  p l a c e s  when t e s t e d  f o r  s e n s i t i v i t y .  

These s o l u t i o n s  a r e  p re sen ted  he re  and compared t o  t h o s e  ob ta ined  numer- 

i c a l l y  by Su and Lam (1963) f o r  probes o f  moderate s i z e  (see Sec t ions  4 . 1  

and 4 . 2 ) .  Su and Lam performed numerical i n t e g r a t i o n s  o f  Equation (4.3) 

a f t e r  dropping t h e  t h i r d - o r d e r  term and using t h e  s c a l i n g  of ( 4 . 6 ) .  For 

E = 1 t h e  equat ion they  solved was 

As noted i n  Sec t ion  4.3.2 t h e  p o t e n t i a l  g r a d i e n t  very c l o s e l y  ap- 

proaches i t s  asymptote we1 1 b e f o r e  t h e  i n t e g r a t i o n  reaches t h e  2-coordi-  

n a t e  o f  t h e  probe s u r f a c e .  Figure 5 . 1  shows t h i s  asymptote, K ,  as a 

f u n c t i o n  of t h e  parameter,  C .  

(4 .7)  and ( 4 . 8 ) .  The lower t r a c e  was found by t h e  p re sen t  a u t h o r ’ s  nu- 

merical i n t e g r a t i o n s  of (5 .1)  and agrees with t h a t  ob ta ined  by Su and L a m .  

For C1’2 < 7.0 both curves d i s p l a y  t h e  l i n e a r  dependence o f  K on C1/’ as 

p r e d i c t e d  t h e o r e t i c a l l y  by Su and Lam, b u t  t h e i r  neg lec t  o f  t iLe  Lilii-d-Grder 

The upper t r a c e  was obtained by i n t e g r a t i n g  
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term e v i d e n t l y  y i e l d s  values  of K lower than  t h e  t r u e  curve.  

t o  c o l l e c t  a given c u r r e n t  (a ziven x ) ,  a probc v o l t a g e  h ighe r  t han  t h a t  
I, 

p r e d i c t e d  by Su and Lam i s  r equ i r ed ,  by an amount dependin!: on t h e  c u r r e n t  

and t h e  r a t i o  r / A n .  A d i r e c t  physical  exp lana t ion  o f  t h i s  e f f e c t  has 

not been found; i t  should be  noted t h a t  t h e  n e g l e c t  o f  t h e  t h i r d - o r d c r  

term was not  an assumption based s o l e l y  on p h y s i c a l  grounds. ' lathe- 

m a t i c a l l y ,  t h e  t h i r d - o r d e r  term is necessary f o r  t h e  e x i s t e n c e  o f  t h e  

i o n - d i f f u s i o n  l a y e r  ( a c t u a l l y  a boundary l a y e r  f o r  n + ) .  

approximation l eaves  only t h e  Equation ( 5 . 1 ) ,  and t h e  p o s i t i v e  ion  

d e n s i t y  must be found by applying Poisson 's  equat ion t o  t h e  numerical ly  

computed p o t e n t i a l  p r o f i l e .  

The re fo re ,  

? 

Indeed, t h e  

Figure 5 , 2  i l l u s t r a t e s  t h e  r e s u l t i n g  p o s i t i v e  ion  d e n s i t y  d i s t r i -  

bu t ion  f o r  a r e p r e s e n t a t i v e  s i t u a t i o n ,  C = 140, r / A  = 0 . 5 .  Also i n  

Figure 5 . 2 ,  i n  g r e a t  c o n t r a s t ,  i s  the p o s i t i v e  ion  d i s t r i b u t i o n  ca l cu -  

l a t e d  from (4.7)  and (4.8) by t h e  technique of  Sec t ion  4 .3 .2 .  I t  plunges 

t o  ze ro  extremely r a p i d l y  i n  t h e  i o n - d i f f u s i o n  l a y e r .  

t i v e  i o n  d e n s i t y  p r o f i l e s  i n  Figure 5 . 2  are n e a r l y  cons t an t  i n  t h e  shea th  

( 2 . 0  < x < 11.5) t h e  number d e n s i t y  found by Su and Lam's approximation 

i s  n e a r l y  two o r d e r s  o f  magnitude too small. 

cluded t h a t  t h e  n e g l e c t  of t h e  t h i r d - o r d e r  term i n  (4.3) s e r i o u s l y  a f f e c t s  

t h e  d i s t r i b u t i o n  o f  p o s i t i v e  ions  around t h e  probe. 

t h e  s o l u t i o n  of (4.7) and (4 .8 )  i n  t h e i r  exac t  form p r o h i b i t s  l a r g e  

n e g a t i v e  g r a d i e n t s  of n (x) i n  t h e  q u a s i - n e u t r a l  and t r a n s i t i o n a l  r eg ions ,  

x < 2 . 0 .  

ex t ens ion  of t h e  theo ry  of t h e  s t a t i o n a r y  probe t o  moving probes.  

P D  

While both p o s i -  

Therefore ,  it must be con- 

On t h e  o t h e r  hand, 

+ 
I t  i s  important t h a t  t h e  t r u e  i o n  d i s t r i b u t i o n  be known f o r  any 



42 

I I I 
2 4 6 a IO 

10-3 I 
0 

X- 

Figure 5.2 Positive ion distributions from the numerical 
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5.2 P o t e n t i a l  P r o f i l e  and t h e  Current-Voltage Curves 

Figure 5 . 3  shows t h e  p o t e n t i a l  d i s t r i b u t i o n s  around t h e  probe f o r  

va r ious  values  of C ,  c a l c u l a t e d  by numerical i n t e g r a t i o n  of (4 .7)  and 

( 4 . 8 ) .  Within t h e  shea th  it i s  seen t h a t  $(x) i s  n e a r l y  l i n e a r  i n  x, 
which impl i e s  t h a t  $ ( r )  Q r-', and the d i s t u r b a n c e  o f  t h e  probe extends 

wel l  i n t o  t h e  plasma, a t  l e a s t  t e n  probe r a d i i  f o r  t h e  2 values  of i n -  

t e r e s t .  

vo l t age  c h a r a c t e r i s t i c  of t h e  probe, although as Cohen (1963) s t a t e d ,  a 

tendency toward s a t u r a t i o n  e x i s t s  f o r  very l a r g e  probes ( r  / A  + m ) .  

This  n e a r l y  r-l dependence of $ should n o t ,  however, be t aken  as an i n -  

d i c a t i o n  t h a t  t h e  p o t e n t i a l  d i s t r i b u t i o n  is t h e  same as t h a t  which would 

e x i s t  i n  f r e e  space.  

l a y e r  and t h e  shea th  i s  s i g n i f i c a n t l y  l a r g e r  t h a n  t h e  f i e l d  which would 

e x i s t  if space charge were n e g l i g i b l e ,  t y p i c a l l y  1.1 o r  1 . 2  times as 

l a r g e  f o r  t h e  va lues  o f  C i n d i c a t e d  i n  Figure 5 . 3  and t h e  values  of x 
from (4.4)  and (4 .14 ) .  This can b e  seen by comparing t h e  e l e c t r i c  f i e l d ,  

E ,  from t h e  numerical i n t e g r a t i o n s ,  

would surround t h e  probe i f  space charge could be neg lec t ed .  

t h e  v e c t o r  n a t u r e  o f  t h e  f i e l d s  s i n c e  both E and E 

P 
Therefore ,  no s a t u r a t i o n  should be expected i n  t h e  c u r r e n t -  

P D  

In f a c t ,  t h e  e l e c t r i c  f i e l d  i n  t h e  i o n - d i f f u s i o n  

P 

wi th  t h e  e l e c t r i c  f i e l d ,  Eo,  which 

Ignoring 

have only a r a d i a l  
0 

component (which i s  n e g a t i v e ) ,  E = - dV = - dV - dx - - x k T r  (%)/er2,  and dr dj2 d r  p p dx 
2 E = k T r  V / e r  . There fo re ,  

0 P P  

The q u a n t i t y  - d9  was p r i n t e d  by t h e  computer program ( see  Appendix B) d3 

as a f u n c t i o n  of 2, t hus  p e r m i t t i n g  a p l o t  o f  t h e  normalized e l e c t r i c  

f i e l d ,  E / E o ,  as a f u n c t i o n  o f  d i s t ance  from t h e  probe. 
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Figure 5 . 3  P o t e n t i a l  d i s t r i b u t i o n  around t h e  probe f o r  va r ious  
va lues  of  C .  
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I n  Figure 5 . 4 ,  E / E  i s  p l o t t e d  versus t h e  normalized d i s t a n c e ,  p, 

from t h e  c e n t e r  of t h e  probe,  where p = (r/A,) = (C1/ ' /22),  This p l o t  

i s  f o r  C = 100 and P = ( r  / A  ) = 0.5 .  The probe p o t e n t i a l  corresponding 

t o  t h i s  s o l u t i o n  i s  C$ = 79 .22 .  

0 

P P D  

P 
Seve ra l  conclusions may be drawn from Figure 5 .4 .  F i r s t ,  it i s  

apparent t h a t  t h e  s h i e l d i n g  e f f e c t  of t h e  p o s i t i v e - i o n  shea th  causes  t h e  

f i e l d  t o  be g r e a t e r  t han  Eo for  r < 3.5AD, o r  f o r  ( r - r  ) < 3A 

r = 0.5AD. 

s i n c e  P D 

P 
F a r t h e r  from t h e  probe,  f o r  r > l o x D ,  t h e  r a t i o  E / E  decreases  very 

0 

slowly with i n c r e a s i n g  d i s t a n c e .  This implies  t h a t  t h e  f i e l d  surrounding 

t h e  probe v a r i e s  as r a t  l a r g e  d i s t ances  froin t h e  probe,  which j u s t  

s t a t e s  t h a t  t h e  space-charge shea th  is o f  f i n i t e  e x t e n t .  For t h e  case 

shown i n  Figure 5 . 4  t h e  space charge i s  confined t o  t h e  region r ; 10A 

-2 

D' 
Cohen (1963) po in t ed  ou t  t h a t  t he  r a t i o  E / E o  should approach a con- 

s t a n t  when p becomes very l a r g e  compared t o  u n i t y ,  f o r  h igh ly  nega t ive  

p robes .  Thus, t h e  p o t e n t i a l  decays only as  p-' as p -+ a and t h e  Debye 

s h i e l d i n g  i n  t h e  space-charge sheath ( s e e  e . g .  Jackson,  1963) i s  incom- 

p l e t e ;  t h e  p o t e n t i a l  around a t e s t  p a r t i c l e ,  which c o l l e c t s  no c u r r e n t ,  

decays a s  e - P / p ,  

Since t h e  e l e c t r i c  f i e l d  around t h e  probe p e n e t r a t e s  far i n t o  t h e  

plasma, one should not expect t h e  p o s i t i v e - i o n  c u r r e n t  t o  a t t a i n  a s a t -  

u r a t i o n  va lue .  This is  i n  c o n t r a s t  t o  t h e  behavior  of t h e  e l e c t r o n  

c u r r e n t  i n  Region A of  Figure 2 . 1 ,  the c u r r e n t - v o l t a g e  c h a r a c t e r i s t i c  of 

a Langmuir probe. 

The c u r r e n t - v o l t a g e  c h a r a c t e r i s t i c s  of t h e  probe w i l l  now be pre-  

s e n t e d .  I n  Sec t ion  3 . 3 ,  $n was defined as -eV /kT , and 2 as I+/21R 
Y ? -  ? 



46 

m 
.ri 
5 

b 

rc, 

O k  
a,Q, 

d 

m 
a, 
k 
7M 

.rl 
LL 



47 

( a l s o  s e e  Sec t ion  4 - 6 1 ,  where I i s  the random p o s i t i v e  ion  c u r r e n t  t o  

t h e  probe. Therefore a p l o t  o f  2 versus @ may be considered a graph 

o f  normalized c u r r e n t  ve r sus  normalized probe v o l t a g e .  

ve r sus  @ with p = ( r  / A  ) a s  a parameter a r e  shown i n  Figure 5 .5 .  I t  

should be noted,  however, t h a t  x 
expres s ion  f o r  I i n  Sec t ion  3.3.  R 

R 

P P 
Curves o f  2 

P 

P P P D  
i s  p r o p o r t i o n a l  t o  ( N  )-', from t h e  P 0 

To d i s p l a y  a c u r r e n t  independent o f  t h e  q u i e s c e n t  plasma number 

i s  p l o t t e d  as a s o l i d  l i n e  2 d e n s i t y ,  t h e  q u a n t i t y  (C/2x ) = ( I + / I  ) p  

2 ve r sus  @ i n  Figure 5 . 6 ,  aga in  with p as a parameter .  Since ( I + I R ) p  
P P P 

i s  p r o p o r t i o n a l  t o  r I + / u + ,  t h e  number d e n s i t y  o f  p o s i t i v e  ions  may be 

found from Figure 5.6 i n  an experiment i n  which t h e  gas temperature  and 

P R P  

P 

t h e  p o s i t i v e - i o n  mob i l i t y  a r e  known. 

5 . 6  have no s a t u r a t i o n  r eg ion ,  although t h e  curves f o r  h ighe r  p a r e  

f l a t t e r .  

As expected, t h e  curves of Figure 

P 

The curves of Figure 5.6 are p l o t t e d  aga in  i n  Figure 5 . 7 ,  bu t  on 

log - log  paper.  

a x i s ,  i s  p ropor t iona l  t o  t h e  p o s i t i v e  ion  c u r r e n t ,  I+ ,  and t h a t  @ 

t h e  h o r i z o n t a l  a x i s ,  i s  t h e  normalized probe v o l t a g e ,  one may deduce t h e  

Again no t ing  t h a t  the q u a n t i t y  (C/22 ) ,  on t h e  v e r t i c a l  
P 

on 
P' 

f u n c t i o n a l  dependence o f  I+  on t h e  probe v o l t a g e .  

a r e  l i n e a r  and t h e r e f o r e  

For @ > 25 t h e  t r a c e s  
P 

B 
P I +  % 0 (5 3) 

where B i s  t h e  s l o p e  o f  t h e  t r a c e .  A s  noted i n  t h e  d i s c u s s i o n  o f  Figure 

5 .6 ,  t h e  h ighe r  P t h e  f l a t t e r  t h e  cu rves .  In  f ac t ,  f o r  p = 1.0 ,  
P Y  P 

B = 0.53,  while f o r  p, = 0 .4 ,  B = 0.55, and f o r  p = 0.1,  B = 0.62. The 
r P 
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f a c t  t h a t  (3 dec reases  wi th  i n c r e a s i n g  p confirms Cohen's (1963) obser-  

v a t i o n ,  mentioned a t  t h e  beginning o f  S e c t i o n  5 . 2 .  
P 

5 . 3  Comparisons t o  S impl i f i ed  Theories 

5 . 3 . 1  Zero Space .Charge Theory 

To e s t i m a t e  t h e  importance of including space  charge i n  t h e  theo ry  

one may at tempt  t o  formulate  a t heo ry  which n e g l e c t s  i t .  With no space 

charge t h e  p o t e n t i a l  p r o f i l e  i n  t h e  plasma i s  t h e  same as i n  f r e e  space ,  

t h a t  i s ,  

V(r) = r V / r  
P P  

and 

~ = r V / r  2 
P P  

(5.4) 

f o r  r > r . For a h i g h l y  nega t ive  probe one need only cons ide r  t h e  pos- 

i t i v e - i o n  c u r r e n t .  Assuming a s teady s t a t e  and no product ion o r  l o s s  of 

p o s i t i v e  i o n s ,  Equation (3.3)  implies  t h a t  I+  = N+ev+4nr , where v+ i s  

t h e  speed of  a p o s i t i v e  i o n ;  we assume v+ = p+E.  

- P  

2 

Then by (5.5) we have 

I+ = 4nr  eN p V 
P + + P  

Thus, a l i n e a r  r e l a t i o n  between t h e  p o s i t i v e  ion  c u r r e n t  and t h e  probe 

v o l t a g e  i s  p r e d i c t e d  i n  a zero space-charge t h e o r y .  A s  was po in ted  ou t  

a t  t h e  end of Sec t ion  5 . 2 ,  t h e  t r u e  cu r ren t -vo l t age  curves obey a r e l a -  

t i o n  o f  t h e  form of (5 .3 )  with 13 < 1, and space  charge may not be ne- 

g l e c t e d .  

5 . 3 . 2  

The c l a s s i c a l  Langmuir probe neg lec t s  c o l l i s i o n s  bu t  cons ide r s  t h e  

C o l l i s i o n l e s s  Theory Including Space Charge 

e f f e c t  o f  space charge.  The case  of a shea th  t h i n  compared t o  t h e  probe 



5 2  

radius (space charge-limited current) is not of interest in the present 

study due to the inequality (4.14) and an expression derived by Su and 

Lam (1963) fo r  the ratio o f  sheath thickness to probe radius for highly 

negative probes. For thick sheaths (orbital motion-limited current), the 

positive ion current to a highly negative spherical probe is given by 

4nr 

T + ( = T  ) instead of those o f  the electron (Boggess, 1959), that is, 

2 
P 
times the right side of (2.4) with the ion parameters, N+, m+, and 

e 

2 
= 4x1- N+e (kT/2m+) (l+eV /kT+) 

I+ P P 

>> 1 and (5.8) reduces to 
- (eVP/kT+) = +P 

For highly negative probes, 

I+ 'L @p, which is not the functional form o f  the curves of Figure 5.6. 
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6 .  INTERPRETATION AND POSSIBLE EXTENSIONS 

6 . 1  Conclusion 

The d i f f e r e n t i a l  equat ions governing p o s i t i v e  ion  c o l l e c t i o n  by a 

s p h e r i c a l  probe i n  a col l is ion-dominated plasma were developed i n  Chapter 

3 and were solved e x a c t l y  by a numerical technique o u t l i n e d  i n  Chapter 4 

f o r  t h e  case  of a h i g h l y  nega t ive  probe. The r e s u l t s  o f  t h e  numerical  

s o l u t i o n  f o r  probes o f  moderate s i z e  compared t o  t h e  Debye l eng th  were 

p resen ted  i n  Chapter 5 .  I t  was shown t h a t  t h e  approximation in t roduced  

by Su and Lam (1963) apprec i ab ly  a f f e c t s  t h e  c u r r e n t - v o l t a g e  c h a r a c t e r -  

i s t ics  o f  t h e  probe and l eads  t o  a d i s t r i b u t i o n  o f  p o s i t i v e  ions  around 

t h e  probe which i s  very d i f f e r e n t  f r o m  t h e  d i s t r i b u t i o n  ob ta ined  by an 

exac t  s o l u t i o n  o f  t h e  e q u a t i o n s .  

The p o s i t i v e - i o n  shea th  was found t o  be uniform; t h e  d e n s i t y  of 

p o s i t i v e  ions  i n  t h e  shea th  was near ly c o n s t a n t .  This f e a t u r e  o f  t h e  

space  charge d i s t r i b u t i o n  pe rmi t t ed  t h e  exact  s o l u t i o n  o f  t h e  equa t ions  

i n  a wider  regime of o p e r a t i o n  o f  the probe than  would have been p o s s i b l e  

o the rwise .  

I n  S e c t i o n  5 . 3  t h e  r e s u l t s  o f  t h e  exact  s o l u t i o n  o f  t h e  equa t ions  

were compared t o  t h o s e  from s i m p l i f i e d  t h e o r i e s .  

n e g l e c t  o f  space charge is  not  j u s t i f i e d .  

6 . 2  L imi t a t ions  

I t  was found t h a t  t h e  

Seve ra l  p h y s i c a l  assumptions place l i m i t a t i o n s  on i h e  v a l i d i t y  o f  

Beginning with Equations t h e  equa t ions  developed i n  Chapters 3 and 4 .  

(3 .1)  and (3.2) t h e  assumption was made t h a t  t h e  d r i f t  v e l o c i t i e s  of t h e  

charged p a r t i c l e s  are p r o p o r t i o n a l  t o  t h e  e l e c t r i c  f i e l d ,  E ,  wi th  t h e  

a p p r o p r i a t e  m o b i l i t y  as t h e  p r o p o r t i o n a l i t y  c o n s t a n t .  For l a r g e  e l e c t r i c  

-+ 
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f i e l d s  t h i s  assumption breaks down (Sena, 1946) .  For example, with 

N i ons  i n  N gas t h e  d r i f t  v e l o c i t y  i s  p r o p o r t i o n a l  t o  E when t h e  

r a t i o  of e l e c t r i c  f i e l d  s t r e n g t h  t o  gas p r e s s u r e  i s  g r e a t e r  t han  

40 volts/cm/mmHg (McDaniel, 1964) .  Balmain (1966) s t r e s s e d  t h e  need f o r  

a s tudy  of i on  c o l l e c t i o n  which assumes a d r i f t  v e l o c i t y  p r o p o r t i o n a l  

t o  @ where 0 . 5  - -  < B < 1 . 0 ,  i n  accord with experimental  d a t a  (McDaniel, 

1964).  The complications which would a r i s e  i n  such a s tudy  a r e  l i k e l y  

t o  be p r o h i b i t i v e  (Cohen, 1963) .  The a p p l i c a b i l i t y  o f  m o b i l i t y  theo ry  

throughout t h e  D-region o f  t h e  ionosphere i s  no t  u n i v e r s a l l y  accepted.  

Hoult (1965) j u s t i f i e d  t h e  use  o f  a simple m o b i l i t y  r e l a t i o n  ( d r i f t  

v e l o c i t y  % E)  up t o  80 km f o r  probe vo l t ages  o f  s e v e r a l  v o l t s .  

The assumption o f  a s t eady  s t a t e  plasma could break down f o r  probe 

+ +O . 6  

2 2 

+ 

vo l t ages  g r e a t e r  t han  t h e  i o n i z a t i o n  p o t e n t i a l s  o f  t i le n e u t r a l  molecules 

due t o  t h e  i o n i z a t i o n  o f  t h e  n e u t r a l  gas by t h e  a c c e l e r a t e d  i o n s .  

D-region temperatures ,  kT/e 5 d 2 . 1 0  

t o  a probe vo l t age  o f  about 10 v o l t s ,  h igh enough t o  i o n i z e  n i t r i c  ox ide ,  

but  l e s s  t han  the i o n i z a t i o n  p o t e n t i a l s  of molecular  oxygen and molecular  

n i t r o g e n .  

For 

- 2  v o l t s ,  s o  t h a t  4 = 500 corresponds 
P 

For D-region plasma probes t h e  assumption t h a t  t h e  gas i s  weakly 

ion ized  p resen t s  no problem ( see  Sec t ion  1 . 2 ) .  

and Sonin (1967) extends t h e  theo ry  of o p e r a t i o n  of s p h e r i c a l  e l e c t r o -  

s t a t i c  probes t o  moderately ion ized  dense g a s e s ,  a t  l e a s t  f o r  t h e  case  

rp/XD >> 1. 

A r e c e n t  paper by Su 

I t  should a l s o  b e  mentioned t h a t  t h e  use o f  t h e  E i n s t e i n  r e l a t i o n s  

i n  (3.10) and (3.11) assumed no temperature  g r a d i e n t s  i n  t h e  plasma. 

Magnetic f i e l d s  were a l s o  neg lec t ed .  
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6 . 3  P o s s i b l e  Extensions 

6 . 3 . 1  

A u s e f u l  ex tens ion  of t h e  theory o f  t h e  s t a t i o n a r y  probe would be 

Improvements t o  t h e  S t a t i o n a r y  Probe Theory 

t h e  i n c l u s i o n  o f  two o r  more p o s i t i v e  and nega t ive  i o n  s p e c i e s .  I t  

would be e s p e c i a l l y  d e s i r a b l e  t o  a l l o w  f o r  t h e  simultaneous presence of  

e l e c t r o n s  and nega t ive  ions  ( see  Sec t ion  1 . 2 ) .  I n  t h i s  ca se  a t h i r d  

term would b e  added t o  t h e  r i g h t  s i d e  o f  Po i s son ' s  equa t ion ,  ( 3 . 5 ) ,  and 

an a d d i t i o n a l  f l u x  r e l a t i o n  would be necessa ry .  For h igh ly  nega t ive  

probes one would assume t h a t  both the  e l e c t r o n s  and nega t ive  ions would 

be i n  thermal equ i l ib r ium with t h e  r epu l s ive  p o t e n t i a l  of t h e  probe, and 

t h e i r  d i s t r i b u t i o n s  would t a k e  t h e  form of  ( 4 . 2 ) .  The cond i t ion  t h a t  t h e  

c h a r g e d - p a r t i c l e  gases have t h e  n e u t r a l  gas temperature  would make t h e  

problem t r a c t a b l e .  

Experimental v e r i f i c a t i o n  o f  the t h e o r e t i c a l  c u r r e n t - v o l t a g e  cu rves ,  

F igu re  5 . 6 ,  is not  p o s s i b l e  i n  contemporary l a b o r a t o r y  plasmas s i n c e  t h e  

f r a c t i o n  of  i o n i z a t i o n  is  too  h i g h .  Also,  t h e  a p p r e c i a b l e  d i f f e r e n c e  

between t h e  n e u t r a l  gas temperature and t h e  c h a r g e d - p a r t i c l e  temperature  

would a l t e r  t h e  curves i n  Figure 5 . 6  a l though c u r r e n t - v o l t a g e  curves can 

b e  gene ra t ed  numerical ly  f o r  a r b i t r a r y  va lues  o f  t h e  temperature  r a t i o ,  

E .  

6.3.2 P o s s i b l e  Extensions t o  Moving Probes 

When t h e  probe i s  i n  motion with r e s p e c t  t o  t h e  plasma t h e  problem 

- of determining t h e  ambient plasma dens i ty  i n  terms of  t h e  c o l l e c t e d  

c u r r e n t  becomes even more d i f f i c u l t .  I f  t h e  motion is  supe r son ic  a 

detached shock w i l l  precede t h e  ( sphe r i ca l )  probe; o u t s i d e  t h e  shock t h e  

flow w i l l  be i;i;ifcrm, mc! i n s i d e  t h e  shock t h e r e  w i l l  be  a r eg ion  o f  
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incompressible flow. Q u a l i t a t i v e l y ,  one can s a y  t h a t  s i g n i f i c a n t  e l e c -  

t r i c a l  e f f e c t s  on t h e  charged p a r t i c l e s  w i l l  be  r e s t r i c t e d  t o  t h e  shea th  

surrounding the  probe.  For high probe p o t e n t i a l s  and a weakly ion ized  

gas t h e  sheath may extend we l l  beyond t h e  shock. Q u a n t i t a t i v e l y ,  t h e  

problem would be very d i f f i c u l t .  

shock would v i t i a t e  t h e  theo ry .  

Also,  any i o n i z a t i o n  caused by t h e  

For a subsonic flow a p r e c i s e  mathematical  formulat ion o f  t h e  problem 

should be f e a s i b l e .  With laminar flow everywhere around t h e  probe t h e r e  

would be an a n a l y t i c  s o l u t i o n  f o r  t h e  flow l i n e s ,  and i n  a weakly i o n i z e d  

gas t h e  i o n i z a t i o n  w i l l  not  a f f e c t  t h e  flow o f  n e u t r a l  g a s .  The veloc-  

i t i e s  o f  t h e  acce le ra t ed  p a r t i c l e s  would j u s t  be t h e  v e c t o r  sum of  t h e  gas 

flow v e l o c i t y  and t h e  d r i f t  v e l o c i t y  i n  t h e  e l e c t r i c  f i e l d .  The problem 

would b e  two-dimensional with t h e  r a d i a l  d i s t a n c e  and t h e  flow aspec t  

ang le  t h e  independent v a r i a b l e s .  Desp i t e  being considerably more com- 

p l i c a t e d  than  the case  o f  a s t a t i o n a r y  probe,  i t  i s  f e l t  t h a t  s o l u t i o n s  

can be found t o  provide a comparison with t h e  r e s u l t s  f o r  t h e  s t a t i o n a r y  

probe and an eva lua t ion  o f  t h e  e f f e c t s  o f  t h e  motion. 
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APPENDIX A 

Choice of the Starting Values for the Numerical Integration 

The Poincare-Lighthill-Kuo method (Tsien, 1956) was used to find 

compatible starting values for x, '(x), and n+(x) in the numerical in- 

tegration of Equations ( 4 . 7 )  and ( 4 . 8 ) .  In the PLK method the dependent 

variables and the independent variables are expanded in power series of 

a small parameter of the problem in terms of a parametric variable, in 

the neighborhood of a singular point. 

meterization it is often possible to find an expansion uniformly valid 

in the region of interest, o r  in some cases, it is possible to eliminate 

the singularity altogether (Tsien, 1956). 

By choosing an appropriate para- 

Equations ( 4 . 7 )  and ( 4 . 8 )  are re-written here for convenience: 

At x = 0 the quasi-neutral solution, n+ = n 

condition, 

= e-', and the boundary 

d' 
dii substituted into ( 4 . 8 )  imply that - = 1 at 2 = 0. 

singular point of ( 4 . 7 ) .  

However, 2 = 0 is a 

Therefore, a small, but non-zero value of 2 

had to be taken as the starting point for the integration, and a correc- 

tion term to the expressions for n+(x), $(x), and - d' in the quasi-neutral 
dii 

reginn was necessary. 
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The PLK method was app l i ed  as fo l lows .  The small parameter  o f  t h e  

problem, E,  was i d e n t i f i e d  as ( 4 / C ) .  

powers of E ,  as func t ions  o f  t h e  pa rame t r i c  v a r i a b l e  II, t h a t  i s ,  

Then x, $, and n+ were expanded i n  

The d e r i v a t i v e  o f  t h e  p o t e n t i a l ,  -T d$ , was no t  expanded s i n c e  i t s  s t a r t i n g  
dx 

value was t o  be found by an i t e r a t i v e  r o u t i n e  i n  t h e  computer program 

( see  Appendix B ) .  

Before carrying out t h e  expansions ( A . 2 ) ,  ( A . 3 ) ,  and ( A . 4 )  it was 

necessary t o  de r ive  t h e  converted boundary cond i t ion  on $(q) a t  II = 0 ,  

corresponding t o  $(%) = 0 a t  2 = 0 .  This  d e r i v a t i o n  i s  now p r e s e n t e d .  

A t  x = 0 ( A . 2 )  becomes 

where n o  i s  the  rl-coordinate corresponding t o  % = 0 .  

'10 and then  i n s e r t i n g  t h e  r e su l t  i n t o  t h e  arguments o f  Xl and x2 i n  ( A . 5 )  

y i e l d s  

Solving (A.5) f o r  

2 -  2- 2 -  
no= - E X ~ ( - E X ~ ( ~ O )  - E X ~ ( V O )  + . .  .) - E X ~ ( - E X ~ ( ~ O )  - E X ~ ( I I O )  - . . .) .  ( A . 6 )  



Dropping terms of t h e  o r d e r  of  E *  i n  (A.6), and n o t i c i n g  t h a t  

f o r  E X ~ ( ~ O )  <<  1, it is found from (A.6) , t o  f irst  o r d e r  i n  E, 

‘10 = - E X 1 ( 0 )  . 

Now a t  2 = 0 ,  o r  n = n o ,  ( A . 3 )  becomes 

where ‘10 is given by ( A . 7 ) .  Then by n o t i c i n g  t h a t  

aga in  f o r  cX1(o) << 

terms o f  o r d e r  E 

1, t h e  following r e l a t i o n  i s  obta ined  a f t e r  dropping 

2 

Equating c o e f f i c i e n t s  o f  t h e  E O  and E terms y i e l d s  

( A .  10) 

(A. 11) 
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and 

(A.  1 2 )  

Before proceeding t o  expand t h e  v a r i a b l e s  according t o  ( A . 2 ) ,  ( A . 3 ) ,  

l and ( A . 4 )  i t  i s  necessary t o  wri te  down t h e  expres s ion  f o r  t h e  o p e r a t o r ,  

dq an approximate form o f  t h e  o p e r a t o r ,  exac t  d d 
dZ dZ dX dij ’ 
through f i rs t  o r d e r  i n  E ,  i s  

. Since - = -- - 

(A .  13) 

which i s  obtained by s o l v i n g  ( A . 2 )  f o r  ,-, and forming 2. Also i t  s h o u l d  

be n o t i c e d  t h a t  

exp(-$) = exp(-$o) exp(-E$l) ... a e x p ( - $ o )  [ I  - € 0 ~ 1  , ( A .  14) 

and 

-4  
x = 114 + 4ET13 X 1 ( ‘ 7 )  (A. 15) 

through f irst  o rde r  i n  E .  
I 

By immediately dropping terms o f  o r d e r  E ~ ,  Equation ( 4 . 7 )  becomes 

- € -  d2x1 (p + E $11 = + En - exp(-$o)  (1  - ( A . 1 6 )  
+ 1  dq 
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Equation (4.8) becomes 

d90 + E 9 1  (n + en ) - 2 (A.17) ) = (l -‘$)(G d q )  + O  +1 

Equating c o e f f i c i e n t s  o f  t h e  E O  terms on both s i d e s  o f  (A.16) l eads  

t o  

n = exp(-+o) . + O  

S i m i l a r l y  from (A.17) one o b t a i n s  

By employing t h e  boundary c o n d i t i o n ,  ( A . l l ) ,  one o b t a i n s  

and 

n = l - n  
+ O  

$ 0  = - l n ( l  - n )  

(A. 18) 

(A. 19) 

(A, 20) 

(A.21) 

as t h e  s o l u t i o n s  o f  (A.18) and (A.19). 

Equating t h e  c o e f f i c i e n t s  o f  E on both s i d e s  o f  (A.16) and using 

(A.21) leads t o  

(A.22) 



S i m i l a r l y  from (A.17) one d e r i v e s  

dn,l + (1-11) - d4l  . 
dn 

dxl  - 
- dn - +1  / ( l - n )  - dn 

Combining (A.22) and (A.23) one o b t a i n s  

(A. 23) 

(A. 24) 

Now t h e  freedom i n  t h e  choice o f  pa rame te r i za t ion  al lows one t o  set  

+ $1 = o  2n  zi7 (A. 25) 

t o  s i m p l i f y  t h e  d i f f e r e n t i a l  equa t ion ,  (A.24), f o r  x l  (n) . Equation (A.25) 

has t h e  s o l u t i o n  O 1  = Y q - ’ l 2 ,  where Y i s  an a r b i t r a r y  c o n s t a n t .  Since 

t h e  p o t e n t i a l  i s  bounded, Y must be ze ro .  Equation (A.24) can then  be 

i n t e g r a t e d  a f t e r  a p a r t i a l - f r a c t i o n  expansion. 

a ry  c o n d i t i o n ,  (A.12), f o r  %1(0) one o b t a i n s  

A f t e r  applying t h e  bound- 

4 2 
From (A.22) one o b t a i n s  n+ l  = n / ( l - n )  s i n c e  $1 = 0 .  

Summarizing, t h e  expres s ions  f o r  2, n+ ,  and $ through f i r s t  o r d e r  

i n  E a r e  
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( A .  28) 

(A. 29) 

where ( 4 / C )  has Seen s u b s t i t u t e d  back f o r  E .  

The expres s ions  (A.27), (A.28), and (A.29) were used t o  f i n d  t h e  

a p p r o p r i a t e  s t a r t i n g  values  f o r  t h e  numerical i n t e g r a t i o n  o f  ( 4 . 7 )  and 

( 4 . 8 ) .  For each numerical  i n t e g r a t i o n  a va lue  o f  t h e  parameter ,  C ,  and 

a va lue  of  t h e  pa rame t r i c  v a r i a b l e ,  n ,  were given t o  t h e  computer as i n -  

put  d a t a  ( see  Appendix B) . Typica l ly ,  rl was 0 . 3  o r  0 . 4 .  The r e s u l t s  o f  

t h e  numerical  i n t e g r a t i o n s  were checked f o r  s e n s i t i v i t y  t o  s t a r t i n g  values  

by changing t h e  va lue  o f  rl by 0 . 1  o r  0 . 2  and r e p e a t i n g  t h e  i n t e g r a t i o n  

( see  Sec t ion  5 . 1 ) .  

Equation (5 .1 )  was a l s o  so lved  by numerical i n t e g r a t i o n  ( see  Sec t ion  

5 . 1 ) .  The s t a r t i n g  va lues  of  2 and 0, as ob ta ined  by PLK techni.que, are 

and 

4 = - l n ( l - n )  (A. 31) 

I t  shou ld  be noted t h a t  (A.30) d i sag rees  with t h a t  ob ta ined  by Su and 

Lam (1963).  Equation (A.30) i s  c o r r e c t ,  however, a s  was confirmed by 

Su (1966).  The s t a r t i n g  va lue  f o r  - '' was a l s o  ob ta ined  by t h e  PLK dj7 

method when Equation (5.1) was solved.  The expres s ion  used i n  t h e  numer- 

i c a l  i n t e g r a t i o n s  was 
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APPENDIX B 

The Computer Program 

The numerical i n t e g r a t i o n s  were performed by t h e  I l l i a c  I 1  computer 

o f  t h e  Department o f  Computer Sc ience ,  Un ive r s i ty  of I l l i n o i s .  In  t h e  

computer program t h e  phys ica l  v a r i a b l e s  took t h e  fol lowing names: 

- +  d4 Y(3) 
dX 

n + YFOUR - 

The numerical i n t e g r a t i o n  was executed by a Runge-Kutta-Gill r o u t i n e  

( G i l l ,  1951) which appears i n  t h e  s e c t i o n  of t h e  program w r i t t e n  i n  t h e  

NICAP language. NICAP is  t h e  machine language o f  I l l i a c  11. 

Equations (4 .7)  and (4.8)  appear between s t a t emen t  100 and s t a t e -  

ment 60 o f  t h e  program. 

i t e r a t i v e  loop which begins  a t  s t a t emen t  49. 

The c o r r e c t  s t a r t i n g  value was found by t h e  

When Equation (5.1) was i n t e g r a t e d  t h e  s t a r t i n g  va lue  f o r  Y ( 3 )  was 

found by t h e  PLK method and t h e  expres s ion  (A.31) from Appendix A was 

used i n  p l a c e  of t h e  i t e r a t i v e  loop.  

The computer program fo l lows .  
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4 7 0 2 3 C I C F R O N F  R A L P H  J C 003 003 0025 OOOOEE 
s FORTRAN 
S PUNCH OBJECT 
S GO 

D I M E N S I O N  Y ( 4 ) r  D Y ( 4 ) r  S T R ( 4 )  
800 R I T  79 ROY, E T A *  C9 S T R T H I ,  STRTLW, XPRNT 
801 FORMAT (5F15.I))  

WOT 6 9  6009 C 

S T A R T X  = 0.0 
600 F O R M A T ( l H l / / I O X 1 3 H  T H E  CASE C = 9  F9.39 1H. / / )  

2 = 0.0 
JAM = n 
J I G  = 0 

C THE S T A R T I N G  V A L U E  FOR Y ( 3 )  I S  FOUND BY I T E R A T I O N  

C THE S T A R T I N G  V A L U E  IS CHECKED TO D E T E R M I N E  I F  I T  HAS B E E N  
C C A L C U L A T E D  T O  M A C H I N E  ACCURACY 

49 S T A R T  = ( S T R T H I  + STRTLW)/Z .O 

IF ( S T A R T X  - S T A R T )  5 0 0 9  5 0 1 9  5 q O  
5 0 0  WOT br  4049 S T A R T  
404 F O R Y A T ( l H n / / l O X 4 9 H  THE S T A R T I N G  V A L U E  FOR Y ( 3 )  I N  T H I S  SEQUENCE IS 

1 9 l P E 2 ' 7 0 1 3 r  1 H * / )  
S T A R T X  = S T A R T  

C T H E  S T A R T I N G  V A L U E S  FOR THE I N T E G R A T I O N  ARE G I V E N  BY THE P L K  
C C O R R E C T I O N  T O  THE Q U 4 S I - N E U T R A L  S O L U T I O N  

55 X = E T A  - f ( E T A + 7 m O ) * ( E T A - l . O )  + l Z . O + E L O G ( l . O - E T A )  + 8 . 0 / ( 1 * O - E T A )  
1 - l . O / ( ( l . O - E T A ) * * 2 )  + ( 2 . O * E T A * * 4 ) / ~ ( l . O - E T A ) * + 2 ) ) / C  

Y ( 1 )  = 1.0 -ETA + (4.0*ETA++4)/(C+(l.O-ETA)*%2) 
Y ( 7 )  = - F L O G ( I e O - F T A )  
Y ( 7 )  = S T A R T  

YONE = Y f 1 )  
YTHREE = Y ( 3 )  

D E L T A X  = OeO] 

50 YFOUR = E X P ( - Y ( Z ) )  
C T H E  P R I N T I N G  IS CONTROLLED 

I F ( X - X P R N T )  799 779 77 

J A Y  = J A M  + 1 
I F ( J A Z 2 )  799 7 8 9  7 8  

77 J A Z 7  = ( J A M - J I G * S )  

78 WOT 6 9  4039 IY(II9 I = 1 9 3 1 9  YFOURI X 
403 F O R M A T ( l O X 7 H  Y ( 1 )  = S  l P E 1 5 . 8 9  1 1 H  Y ( 2 )  = 9  1PE15 .89  1 1 H  Y ( 3  

X = 9  1 P E 1 2 . 5 )  1) = *  l P E l S * R 9  1 1 H  Y ( 4 )  = 9  1PE15 .89  8H 
J I G  = J I G  + 1 

79 I F f Y O N E  - Y l t ) )  809 8 1 9  8 1  

C V A L U E  F O 9  Y ( 3 )  I S  TOO RIG.  
C THE ION DFNSITY M ~ J S T  BE MONOTONICALLY DECREASING, THE S T A R T I N G  

A 0  S T R T H I  = S T A R T  
GO T O  300 

8 1  I F I Y ( l ) * Y ( 7 ) )  e29  8 2 9  2 9  
C T H E  ION D E N q I T Y  AND Y ( 3 )  MUST B E  P O S I T I V E ,  T H E  S T A R T I N G  V A L U E  FOR 
C Y ( 3 )  I S  TOO SMALL. 

A 3  STRTLW = S T A R T  

79 YONF = Y ( 1 )  
GO TO 300 

C T H E  SOLUTION S I M P L I F I E S  WHEN Y ( 3 )  APPROACHES AN A S Y M P T O T I C  V A L U E  
C THE I N T E G R A T I O N  IS T E R M I N A T E D  I F  THE A Y M P T O T I C  V A L U E  IS A T T A I N E D  

I F ( ( Y ( 3 )  - Y T H R E E )  -0.0000001) 2709 2709 3 0  
270 I F ( X - 2 . 0 )  7 0 ,  309 70 

70 I F ( Z )  5 0 3 ,  7 1 9  5 0 3  
71 WOT 6 s  739 Y ( 3 )  
7 3  F O R M A T i l i - i ~ ; i O X 7 ~ ! - !  ?'"E A.SVMf'TOTIC V A L U E  OF Y ( ? )  IS 9 1 P E 1 5 . 8 9  1 H * / /  

1 )  
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z = 1.0 

GO TO 5 5  
XPRNT = 0.0 

10 YTHREE = Y f 3 )  
C A L L  S E T R K D f 4 t  YI DYI STRI XI D E L T A X )  
Y ( 4 )  = x 

5 1  I = R K D F O f O )  
GO T n  (1001 70011 I 

D Y f 1 )  = Y f l ) * Y ( 7 1  -?.Q 
100 x = Y f 4 )  

D Y ( 2 )  = y f 7 )  
I F f Y f 2 )  -70.0) 6 0 1  6 c 1  61 

60 D Y f ? )  = C * f Y ( 1 )  - F X P f - Y ( 2 ) ) ) / ( 4 . 0 * X * * 4 )  
D Y f 4 )  = 1 
GO T n  51 

D Y ( 4 )  = 1 
GO TO 5 1  

200 x = Y f 4 )  

100 YFOUR = E X P ( - Y f 7 ) )  

61 D Y ( ’ j )  = C * Y ( 1 ) / f 4 . 0 + X * * 4 )  

I F f X - 1 0 0 0 . 0 1  5 0 1  5 0 9  87 

WOT 6 1  &0?1 I Y ( I ) r  I = I S ? ) *  YFOURI X 
GO T O  49 

5 0 1  T F ( Z )  5 0 1 1  5 F 7 1  5 0 7  
502 WOT 61  4061 S T A R T  
406 F O R M A T ( ~ H O / I O X ~ J ~ H  T H E  S T A R T I N G  VALUE FOR Y ( 3 )  H A S  BEEN D E T E R M I N E D  

1 T O  M A C H I N E  ACCURACY. T H E  V A L U E  IS* 1 P E 2 0 . 1 2 ~  1 H * / / )  
XPRNT = 0.0 
z = 1.0 
Y T H R E F  = 0.0 
Gn T O  5 5  

E N D  
5 0 1  Gn T n  R O O  
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b N I CAP 
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ENTRY 
SETRKO SFR 

RKG7 

RKG6 
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CAD 
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SFR 
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L FR 
CAM 
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S F S  
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L F R  
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J L H  
SFR 
SFR 
L FR 
L F R  
L F R  
L F R  
CAD 
J L H  
SFR 
SFR 
SFR 
SFR 
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JNM 
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CAD 
YPY 
STR 
C J F  
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CSB 
MP Y 
ADD 
MP Y 
STR 
ASC 
CAD 
MPY 
S i R  
CSB 
ADN 
CAM 
MP Y 
JNM 

ATN 

K S T Q  
f 7  
K S T Q r  1 9  
M I  NUSN 
h r S + l  
TST? 
C O N q T S r l r  
K S T ?  
CONSTS 
F7 
Y S T R r ]  r 
F 2  
3. 
F i  
K S T R r 1 r  
COUN? 1 r 1 
TFST 
COYSTS r 1 9  

TEST r RKC4 
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M P Y  
R K C 4  A D D  

A S C  
C J Z  
ADM 
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R K G 5  L F R  
C J I J  
L F R  
S F R  
L F R  
S F R  
C N M  
S F Q  
CAD 
L F R  
L F R  
L F R  
L F R  
JLH 

R K D 7  L F R  
S F R  
L F R  
FLD 
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SFR 
C J F  
T R A  
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